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1. Introduction

In the study on the sequence spaces, there are some basic approaches which are determination of topologies, matrix
mapping and inclusions of sequence spaces (see; [1]). These methods are applied to study the matrix domain A4 of an infinite
matrix A defined by A4 = {x = (xx) € w : Ax € A}. Although in the most cases the new sequence space A, generated by the
limitation matrix A from a sequence space A is the expansion or the contraction of the original space A, in some cases it may
be observed that those spaces overlap. Indeed, one can easily see that the inclusions As C A and A C A4 strictly hold for
A € {€, C, Co} (see; [2]). Especially, the generalized weighted mean and the difference operator which are special cases for
the matrix A have been studied extensively via the methods mentioned above.

In the literature, some new sequence spaces are defined by using the generalized weighted mean and the difference
operator or by combining both of them. For example, in [3], the difference sequence spaces are first defined by Kizmaz.
Further, the authors including Ahmad and Mursaleen [4], Colak and Et [5], Basar and Altay [6], Karakaya and Polat [7], and
the others have defined and studied new sequence spaces by considering matrices that represent difference operators. The
articles concerning this work can be found in the list of Refs. [8-11]. On the other hand, by using a generalized weighted
mean, several authors defined some new sequence spaces and studied some properties of these spaces. Some of them are
as follows: Malkowsky and Savas [12] have defined the sequence spaces Z(u, v, A) which consists of all sequences such that
G(u, v)-transforms of themarein A € {Eoo, c, o, £p } Basar and Altay [ 13-15] have defined and studied the sequence spaces
of nonabsolute type derived by using the generalized weighted mean over the paranormed spaces.
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In this work, our purpose is to introduce new sequence spaces by combining the generalized weighted mean and the
difference operator and also investigate topological structures, which have completeness, AK-property and AD-property, the
o-, B-, y-duals, and the bases of these sequence spaces. In addition, we characterize some matrix mappings on these spaces.

2. Preliminaries and notations

By w, we denote the space of all real or complex valued sequences. Any vector subspace of w is called a sequence space.
We write £, ¢ and ¢, for the spaces of all bounded, convergent and null sequences, respectively. Also by bs, cs, £;,, we
denote the spaces of all bounded, convergent and absolutely convergent series, respectively.

A sequence space A with a linear topology is called a K-space provided each of the maps p; : A — C defined by p;(x) = x;
is continuous for all i € N; where C denotes the complex field and N = {0, 1, 2, ...}. A K-space A is called an FK space
provided X is a complete linear metric space. An FK-space whose topology is normable is called a BK-space. An FK-space A
is said to have AK-property, if ¢ C A and {e®®} is a basis for A, where e is a sequence whose only non-zero term is 1 in
kth place for each k € N and ¢ = span{e®}, the set of all finitely non-zero sequences. If ¢ is dense in A, then A is called an
AD-space, thus AK implies AD. For example, the spaces ¢, cs, and £, are AK-spaces, where 1 < p < oc.

Let A, i be any two sequence spaces and A = (a,,) be an infinite matrix of real numbers a, where n, k € N. Then, we
write Ax = ((Ax)n), the A-transform of x, if A,(x) = )_, auxx converges for eachn € N.If x € A implies that Ax € p, then
we say that A defines a matrix mapping from A into x and denote it by A : A — . By (A : ), we mean the class of all
infinite matrices A such that A : A — . Also we denote all finite subsets of N by F. We writee = (1, 1, 1, ...) and U for the
set of all sequences u = (u,) such thatu, % 0foralln € N.Foru € U, let 1/u = (1/u,).Letu, v € U and let us define the
matrix G(u, v) = (gn) as

_ Junve ifO<k<n
&k =10 ifk >n

for all k,n € N, where u, depends only on n and v, only on k. The matrix G(u, v), defined above, is called as generalized
weighted mean or factorable matrix.
The continuous dual X’ of a normed space X is defined as the space of all bounded linear functionals on X. If A is triangle,
thatis a,, = 0if k > nand an, # Oforalln € N, and A is a sequence space, then f € A} ifand only iff =g oA, g € A.
Let X be a seminormed space. Aset Y C X is called fundamental if the span of Y is dense in X. One of the useful results on
the fundamental set which is an application of the Hahn-Banach theorem is as follows: if Y is the subset of a seminormed
space X and f € X', f(Y) = O implies f = 0, then Y is fundamental [16, p. 39].

3. The sequence spaces A(u, v, A) for A € {{., ¢, ¢}

In this section, we define the new sequence spaces A(u, v, A) for A € {£,c, co} derived by using the generalized
weighted mean, and prove that these are the complete normed linear spaces and compute their «-, 8-, and y- duals.
Furthermore, we give the basis for the spaces A(u, v, A) for A € {c, co}. Also we show that these spaces show AK and
AD properties.

We define the sequence spaces A(u, v, A) for A € {{, C, co} by

k
AMu,v, ) =3{x=(x) €ew: () = (Z uw,Ax,-) € A} .
i=1

We write Ax = (Axy) for the sequence (x; — x¢_1) and use the convention that any term with a negative subscript is equal
to naught.
If A is any normed sequence space, then we call the matrix domain Ag v, 2y as the generalized weighted mean and the
difference sequence space. It is natural that these spaces may also be defined according to the matrix domain as follows:
AU, v, A) = Ag,v,4)

where G(u.v, A) = G(u, v).A.
Define the sequence y = (y), which will be frequently used as the G(u.v, A)-transform of a sequence x = (xy) i.e.,

k k
Yk = Zukv,-Axi = Zuvaixi, (Vv = V; — U,'+1) (k S N). (3.])
i=0 i=0
Since the proof may also be obtained in the similar way as for the other spaces, to avoid the repetition of the similar
statements, we give the proof only for one of those spaces.

Theorem 1. The sequence spaces A(u, v, A) for A € {{~, C, co} are complete normed linear spaces with respect to the norm
defined by

k

E ukU,'AX,'

i=0

%12 (u,v,2) = SUp = [yl (3:2)

k
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Proof. The linearity of A(u, v, A) for A € {{~, c, co} with respect to the coordinatewise addition and scalar multiplication
follows from the following inequalities which are satisfied for x, t € A(u, v, A) with A € {{,c,co}and o, B € R

k
uw,Ax,-
i=0

k

Z UpviAti| .

i=0

k

Z uv; A (ax; + Bt;)

i=0

sup
keN

+ B sup (3.3)

keN

< |er| sup
eN

After this step, we must show that the spaces A(u, v, A) for A € {£, C, ¢o} hold the norm conditions and the completeness
with respect to the given norm. It is easy to show that (3.2) holds the norm condition for the spaces A(u, v, A) for
A € {£x, C, Co}. To prove the completeness of the space £, (u, v, A), let us take any Cauchy sequence (x") in the space
£ (u, v, A). Then for a given & > 0, there exists a positive integer Ny (&) such that ||X" — X"|[; ., 1) < € foralln, r > No(e).
Hence for fixed i € N,

|Guv, ) — x| < ¢

for all n,r > Ng(¢e). Therefore the sequence ((GA)x™") is a Cauchy sequence of real numbers for every n € N. Since R is
complete, it converges, that is,

((Gu.v, ANX)ien = ((G(u.v, A))X)ien
asr — 00.So we have
|Gu.v, A —x)| <&

for every n > Ny(¢) and as r — oo. This implies that [|x" — x|/, 4) < € for every n > Ny(g). Now we must show that
x € £y (u, v, A). We have

sup |(G(u.v, Al < 1% . + 12" = o(1).

- X“A(u,v,A)
This implies that x = (x;) € £ (u, v, A). Therefore £, (u, v, A) is a Banach space. It can be shown that c(u, v, A) and
co(u, v, A) are closed subspaces of £, (u, v, A) which lead us to the consequence that the spaces c(u, v, A) and ¢o(u, v, A)
are also Banach spaces with the norm (3.2).

Furthermore, since £, (u, v, A) is a Banach space with continuous coordinates, i.e.,
|Gu.v, A)(xk —x) HMU o) —> 0implies |G(u.v, A)(x¥ — x;)| — Oforalli € N. Therefore, it is a BK-space. O
Theorem 2. The sequence spaces A(u, v, A) for A € {{, C, o} are linearly isomorphic to the spaces A € {{~, C, Co}, respec-
tively, ie, Loo (U, v, A) = €y, c(Uu, v, A) = cand co(u, v, A) = co.

Proof. To prove the fact cy(u, v, A) = cq, we should show the existence of a linear bijection between the spaces ¢y (u, v, A)
and ¢q. Consider the transformation T defined with the Eq. (3.1), from ¢o(u, v, A) to ¢g by x — y = Tx. The linearity of T is
clear.

Further, it is trivial that x = 0 whenever Tx = 0, and hence T is injective.

Lety € ¢ and let us define the sequence x = {x;} as

11 1 1
=y —[(=- Vit —y (keN). (34)
i=o Uk \Vi  Vit1 Uk Uk

Then
k
I 0, Ay = i Ax; = lim y, = 0.
Jlim (G, Ay = lim ;ukvk xi = lim y, =0

Thus we have x € co(u, v, A). Consequently, T is surjective and is norm preserving. Hence, T is a linear bijection which
therefore says that the spaces co(u, v, A) and cq are linearly isomorphic. In the same way, it can be shown that c(u, v, A)
and £, (u, v, A) are linearly isomorphic to ¢ and ¢, respectively, and so, we omit the details. O

Now we define a Schauder basis of a normed space. If a normed sequence space A contains a sequence (b,) such that, for
every x € A, there is unique sequence of scalars («;) for which

n
g(x—Zoz,,bk> — 0 asn — oo.

k=0

Then (by) is called a Schauder basis for A. The series Y aby that has the sum x is called the expansion of x in (by,), and we
write x = Y aby, Maddox [17, p. 98].

By using the isomorphism T defined in Theorem 2, it can be shown that the inverse image of the basis of spaces ¢y and ¢
is onto, and so they are the basis of the new spaces ¢y (u, v, A) and c(u, v, A), respectively. Therefore, we give the following
theorem without proof:
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Theorem 3. Let A, = (G(u.v, A)X); for all k € N. We define the sequence b® = {b,ﬁk)}neN of the elements of the space
co(u, v, A) as

1 1
— 0 <k<n),
Up Uk UnVk+1
pP =1 1
" (k=mn,
Upvy
(k > n)

for every fixed k € N. Then the following assertions are true:
(i) The sequence {b™® }ycn is a basis for the space co(u, v, A), and any x € co(u, v, A) has a unique representation in the form

X = Z)‘-kb(k)-
k

(ii) The set {e, b®} is a basis for the space c(u, v, A), and any x € c(u, v, A) has a unique representation in the form

x=le+ (u—Db®,
k

where A, = (G(u.v, A)x)y forallk € N and | = limy_, oo (G(u.v, A)X).

Theorem 4. The sequence space co(u, v, A) has AD-property whenever u € cy(u, v, A).

Proof. Suppose thatf € [co(u, v, A)]'. Then there exists a functional g over the space cq such that f (x) = g(G(u.v, A)x) for
some g € ¢, = £;. Since ¢ has AK-property and ¢j = £,

o J

f(X) = Z a; Z UjVUiXi

=1 =1

for some a = (aj) € ¢;.Since u € ¢o by hypothesis, the inclusion ¢ C co(u, v, A) holds. For any f € [co(u, v, A)] and
e® e ¢ C co(u, v, A), we have

) =g {6y, H)e®) = {¢ @, a)a}

= k

where G (u.v, A) is the transpose of the matrix G(u.v, A). Hence, from Hahn-Banach theorem, ¢ is dense in co(u, v, A) if
and only ifG (u.v, A)a = 6 fora € £, implies a = 0. Since the null space of the operator G (u.v, A)onw is {6}, co(u, v, A)
has AD-property. O

We now give the details about duals of the sequence spaces A(u, v, A) for A € {£., c, co}.
For the sequence spaces A and p, we define the set S(A, ©) as

S, w)y=1{z=(zx) € w:xz=(xzx) € uforallx € A}. (3.5)

With the notation of (3.5), the -, 8-, and - duals of a sequence space A, which are denoted respectively by A%, A#, and 1Y
are defined in [18] as:

2 =S 1), M =Sk, cs) and A =S(A,bs).
We now need the following lemmas due to Stieglitz and Tietz [ 19] for next theorems.

Lemma 1. A € (¢o : I;) ifand only if

sup 3|3 an

KeF 3~ |kek

< Q.

Lemma 2. A € (¢ : ¢) ifand only if
SUPZ lank] < 00,
n k

lim ay — ax = 0.
n—oo

Lemma 3. A € (cg : £) if and only if

sup Z |ank| < oo.
n k
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Theorem 5. Let u, v € U, a = (a,) € w and we define the matrix B = (by) as

1 1
< - )m O<k=<n),

Up Vg UpVkt1
bnk = 1

UpUn

an (k=n),

(k > n)

forallk, n € N. Then the «-dual of the space A(u, v; A) is the set

1 1
>y () m
i—o Uk \Ui Vit1 Ug Vg

kekK

<oo}.

Proof. Leta = (a;) € w and consider the matrix G~ (u.v, A) = A~'G~'(u, v) and sequence a = (ai). Bearing in mind the
relation (3.1), we immediately derive that

k—1
1 1 1 1
aQpXy = — | — - idx +
KXk Zuk(v,- )y:k o

Vit1 kVk

bp=1{a=(aq) € w:sup
A : k KEFZ

Yiag

19 /1 1 1
= —|—- aiyx + Y@ = (BY)k (3.6)
i=o Uk \Vi  Vit1 Uk Uk

for all i, k € N. We therefore observe by (3.6) that ax = (a,x,) € £1 whenever x € A(u, v, A) for A € {£, c, ¢o} if and only
if By € £; whenever y € A, where {{,, c, co}. Then, we derive by Lemma 1 that

111 1 1
ZZ — |l )&t
Vi Vi1 Uugv

sup E ”
keK i=0 "k kUk

KeF

< 0

which yields the consequence that [co(u, v, A)]* = [c(u, v, A)]¥ = [l (U, v, A)]* =bs. O

Theorem 6. Let u, v € U, a = (a;) € w and the matrix C = (cy) by

1 1
( — )ak 0 <k<n),
Up Vg UnVk+1

Cnk = 1
! a, (k = n),
Upy
(k > n)
and define the sets c1, c3, C3, C4 by
= {a = (aqp) € w: supz |cnk] < oo} ; = {a = (ay) € w: lim cy exists for each k € N] ;
n n n—o0o

3 = [a = (a) € w: lim Z |Cnk| = Z’ lim ¢
n—oo X X n—oo

} ; Cy = :a =(a) e w: n&r&;cnk exzsts} .
Then, [co(u, v, A)1P, [c(u, v, A))? and [ (U, v, A)]P are the sets c; N ¢z, ¢4 N ¢ N ¢4 and ¢; N c5 respectively.

Proof. Since the proof may be obtained in the similar way as for the spaces c(u, v, A) and £, (u, v, A), we give only the
proof for the space cq(u, v, A) here. Consider the equation

QX = - — i+ — a
KXk = Uk ” Yi ukkak k

k=0 | i=0 Vit1
1 1
= Z Z - a;j + ——ai | Yk
i—o | =0 Vi+1 UV

= (Y- (3.7)
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Thus, we deduce from Lemma 2 and (3.7) that ax = (a,x,) € c¢s whenever x € cy(u, v, A) if and only if Cy € ¢ whenever
y € co. Therefore we derive by Lemma 2 which shows that {co(u, v, A)}Yf =c;Nc,. O

Theorem 7. The y-dual of A(u, v, A) is the set c1, where A € {£, C, Co}.

Proof. This may be obtained in the similar way, as mentioned in the proof of Theorem 6 with Lemma 3 instead of Lemma 2.
So, we omit the details. O

4. Matrix transformations on the space c(u, v, A)

In this section, we directly prove the theorems which characterize the classes (c(u, v, A) : €) and A € (c(u, v, A) : c).

Theorem 8. A € (c(u, v, A) : £) if and only if

111 1 1
E —\\ — — nk + Ank
Ur \ V; uv

Vi1 kUk

11 1 1
lim E — <— — ) e + —— A (4.2)
n—=oo | i3 Uk \ Vi Vit+1 Uk Vg

< 00 (4.1)

n k—1 1 1 1
sup Zi <7 - ) nk + —ank| < 00, (neN). (4.3)
neN 159 |ico Wk \Vi  Vin KV
n k—1
. 1 /1 1 1
im > (3o Yawt o »
0000 im0 Wk \Vi Vi Up Uk

exists foralln € N.

Proof. Let A € (c(u, v, A) : £s). Then Ax exists and is in £, for all x € c(u, v, A). Thus, since {ayken € {c(u, v, A)}? for
alln € N, and since Ax exists and is in £, for every x € c(u, v, A), the necessities of the conditions (4.2)-(4.4) are clear.
Let us consider the equality

n n k—]l 1 1 1
AiXix = — | — - — | a ; neN
o= |0 (5 oh )+ [ e

k=0 | i=0 Yk Vi+1

which yields us under the assumption that as n — oo,

00 00 k—1 1 1 1 1
k;ankxk =X |2 <; - — >ank o | e (e, (45)

k=0 |i=0 “k

Therefore we get by (4.5) that

[AX]l oo <

A
w
S

]

IA

Illoe sup D
ok

This means that Ax € £,, whenever x € c(u, v, A) and this step completes the proof. O

We give a lemma concerning the characterization of the class A € (cy : ¢) which is needed in proving the next theorem
and due to Stieglitz and Tietz [19].

Lemma 4. A € (¢ : c) if and only if it holds the conditions of Lemma 2 with «;, = 0 for all k, and

lim Za"" =0.
n—oo k
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Theorem 9. A € (c(u, v, A) : ¢) ifand only if (4.1)-(4.4) hold, and

lim Zkil T 1), +ia =« (4.6)
n— 00 P Uy V; nk Uk Vg = '

i=0 Vit
(1 1 1
lim — - —)an+—an|=a (keN). (4.7)
n—00 \ = U \ Vi Vit1 Uk Uk

Proof. LetA € (c(u, v, A) : c¢).Since c C £, the necessities of (4.1)-(4.4) are immediately obtained in Theorem 8. Since Ax
exists and is in c for all x € c(u, v, A) by the hypothesis, the necessities of the conditions (4.6) and (4.7) are easily obtained
with the sequences x = (1, 2, 3,...) and x = b, respectively; where b® is defined by (3.2). Conversely, suppose that the
conditions (4.1)-(4.4), (4.6) and (4.7) hold and take any x € c(u, v, A). Then {ayi}ieny € {c(u, v, A)}® for each n € N which
implies that Ax exists. One can derive by (4.1) and (4.7) that

n n k—1 1 1 1 1
3 el <sup Y zf(f—f)amfank .,
k=0 n Uk u

k=0 |i=0 Vi Vit kUk

holds for every n € N. This yields that («;) € ¢; and hence the series Y a;y; absolutely converges. Let us consider the
following equality obtained from Lemma 3 with a,; — «; instead of a,;

k—1
1 1 1 1
Z (ank — o) X = Z Z ™ (* — 7) ank + ﬁank (ank — o) Vi (4.8)
K

X x| i=o Vi Vi

Therefore we derive from Lemma 2 with (4.8) that
lim ; (ank — o) Xi = 0. (4.9)
Thus, we deduce by combining (4.9) with the fact («;y;) € €1 that Ax € c and this step completes the proof. O
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