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 A B S T R A C T

In this paper, we examine the innovative KdV model, which has a profound impact on our understanding of 
a range of nonlinear occurrences of ion-acoustic waves in plasma and acoustic waves in harmonic crystals. 
Using the appropriate transformations, Hirota bilinearization is performed to generate the solutions. Using 
trigonometric, hyperbolic, and exponential functions, we generate collision aspects between lumps and other 
solutions in order to establish some more interaction solutions with some innovative physical characteristics. 
We obtain the two-wave, dark lump wave and lump-periodic solutions. The identified solutions are visually 
represented. In the fields of shallow-water waves, ion-acoustic waves in plasma, and acoustic waves in 
harmonic crystals, the current work is extensively exploited to describe a variety of remarkable physical events. 
To ensure the accuracy of the result, all the obtained solutions are placed in the model.
1. Introduction

The fact that waves occur constantly in a variety of shapes is 
a basic feature of the universe in which we live. Electric impulses 
traveling through semiconductors or conductive materials, human-to-
human voice transmission, and water movements on ocean surfaces 
are only a few of the processes in which they enable the transfer of 
energy. Energy transmission across various systems is greatly aided 
by such wave occurrences. It is essential to know how waves move, 
interact, and react to their surroundings. In addition to providing a 
strong mathematical foundation for modeling and characterizing these 
intricate wave dynamics, nonlinear partial differential equations (PDEs) 
also provide light on the underlying processes and wider implications 
of these dynamics for science and industry.1 Initial uses of partial 
differential equations were in the study of surfaces2,3 in geometry,4–6
as well as a variety of mechanical problems. In the 1800s, leading 
mathematicians from all over the world showed a strong interest in 
studying the complex structure of partial differential equations (PDEs). 
Comprehending these equations is essential for interpreting a vari-
ety of natural phenomena, leading to mathematical investigation and 
notable breakthroughs in disciplines such as fluid dynamics, engineer-
ing, and physics. Breakthrough findings in the study of PDEs have 
influenced contemporary mathematical ideas and addressed pressing 
problems. Modern applied mathematics and nonlinear dynamics stud-
ies were founded during this era of development as mathematicians 
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delved deeply into the complex connections and behaviors that PDEs 
represented.7

Optical solitons are specific solutions to nonlinear partial differ-
ential equations (NLPDEs)8 that are of great interest to the physical 
and natural sciences. There has been much interest in the stabil-
ity of these self-reinforcing wave transmissions and their relevance 
to phenomena such as wave propagation and fiber optics. Scholars 
have employed a wide range of approaches, such as; the deep neural 
network model and the bilinear technique are combined in the bilin-
ear neural network (BNN) approach,9 which enables the discovery of 
further unidentified and fascinating NLPDE solutions as well as the 
flexible production of a variety of test functions, other methods in-
clude; the homoclinic technique,10 the cosine function technique,11 the 
Bernoulli sub-equation function technique,12,13 the (1∕𝐺′)−expansion 
technique,14 the bilinear neural network method,15,16 the Lie group 
symmetry method,17 the sub equation method,18 bilinear residual net-
work method19 the improved F-expansion technique,20 the general-
ized exponential rational function technique,21,22 Sardar-sub equation 
technique,23 the auto-Bäcklund transformation technique,24 extended 
rational sine–cosine technique,25 improved modified extended tanh-
function approach,26 modified auxiliary equation technique,27 the 𝜑6-
model expansion technique28–33 and so on to get different soliton 
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solutions. The unique contributions of each technique to the under-
standing and use of solitons push the theoretical and practical limits 
of nonlinear study.

Lump waves are regarded as a non-linear wave phenomenon that 
may be observed in several disciplines. Theoretically, lump waves are 
considered as the limit form because of their tremendous propagation 
energy. The lump would therefore be harsh and horrible for some 
systems, including the ocean and finance. Therefore, research on lump 
waves helps to develop a better understanding and predict possible ex-
tremes for nonlinear partial differential equations.34,35 Among the most 
significant findings for nonlinear PDEs are lump solutions.36,37 Numer-
ous non-integrable equations have lump solutions. Furthermore, several 
studies have demonstrated the existence of collision characteristics 
between lumps and other types of nonlinear equation solutions.38,39

Recently, Arif40 considered a new (2+1)-dimensional KDV model 
to study multi-soliton solutions and their dynamical collisions, which 
found an induce collisions between these kind of waves and their multi-
soliton solutions. In this current article, as we believed, no study has 
applied this model with the methodology described. This model will 
solve by providing lump-wave, lump- periodic, and two-wave solitons. 
We are unaware of any prior research that has been done to evaluate 
the model with the proposed techniques. The behavior of the PDEs is 
still unknown, and more of these solutions needs to be investigated.

The following sections serve as the foundation for the major steps on 
which this study is developed. The Hirota bilinear approach definition 
is given in Section 2. Section 3 describes how to create the bilinear 
transformation of the new KdV model. In Section 4, the appropri-
ate transformation via the Hirota bilinear equation is employed to 
generate lump waves to the new KdV model. The corresponding two-
dimensional, 3-dimensional, and contour plots also effectively display 
the structural properties of the derived solitary wave solutions. In 
Section 5, the interaction between the lump-periodic wave solution 
will be examined, their corresponding graphs will be shown, while 
in Section 6, we will study two-wave solutions for the given model. 
In Section 7, the physical phenomena of the analytical solutions are 
studied, and Concluding remarks are made in Section 8.

2. Hirota bilinearization

A model referred to as the direct approach is highly regarded due to 
its effectiveness in constructing N-solitons solutions for fully integrable 
models.41,42 Hirota introduced the technique. Also, Griffiths43 offers 
illustrations for some of the application possibilities that utilize the 
method. Hirota employed the following method below to apply a 
bilinear differential operator to a pair of functions(𝑔, ℎ), dependent on 
a real variable 𝑥10: 
𝐷𝑥 (𝑔.ℎ) =

(

𝜕𝑥 − 𝜕𝑥′
)

𝑔(𝑥)ℎ(𝑥
′
) ∣𝑥′=𝑥 . (2.1)

To understand the D-operator more clearly, consider the following 
concise results below. 
𝐷𝑥 (𝑔.ℎ) = 𝑔𝑥ℎ − 𝑔ℎ𝑥 = −𝐷𝑥 (ℎ.𝑔) , (2.2)

𝐷2
𝑥 (𝑔.ℎ) = 𝑔𝑥𝑥ℎ − 2𝑔𝑥ℎ𝑥 + 𝑔ℎ𝑥𝑥, (2.3)

𝐷𝑥𝐷𝑡 (𝑔.ℎ) = 𝑔𝑥𝑡ℎ − 𝑔𝑡ℎ𝑥 − 𝑔𝑥ℎ𝑡 + 𝑔ℎ𝑥𝑡. (2.4)

In a situation when 𝑔 = ℎ

𝐷2𝑛−1
𝑥 𝑔.𝑔 = 0, (2.5)

𝐷2𝑛
𝑥 𝑔.𝑔 =

2𝑛
∑

𝑘=0
(−1)2𝑛−𝑘

(

2𝑛
𝑘

)

(

𝜕𝑘𝑥𝑔
) (

𝜕2𝑛−𝑘𝑥 𝑔
)

. (2.6)

Similarly, the bilinear partial derivative expression is equal to 

𝐷𝑛
𝑥𝐷

𝑚
𝑡 (𝑔.𝑔) =

𝑛
∑

𝑖=0

𝑚
∑

𝑗=0
(−1)𝑚+𝑛−(𝑗+𝑖)

(

𝑛
𝑖

)(

𝑚
𝑗

)

(

𝜕𝑖𝑥𝜕
𝑗
𝑡 𝑔
)(

𝜕𝑛−𝑖𝑥 𝜕𝑚−𝑗𝑡 𝑔
)

, (2.7)

for 𝑛, 𝑚 ≥ 1.
2 
3. The new-KdV equation expressed in its bilinear form

In this section, we solve the new KdV model applying Hirota’s 
bilinear approach and obtain new solitary wave solutions. The equation 
is presented as follows. 
𝑄𝑡 + 𝛼𝑄𝑥𝑄𝑦 +𝑄𝑥𝑥𝑦 = 0, (3.1)

In this context, 𝑄(𝑥, 𝑦, 𝑡) is defined as the surface profile, and 𝛼 de-
notes the nonlinear convection coefficient. The wave time-dependent 
propagation term is indicated by 𝑄𝑡 while, the waves spreading and 
steepening effects within the model is described by 𝑄𝑥𝑥𝑦 and 𝑄𝑥𝑄𝑦. 
The new KdV equation has proven useful in explaining various phys-
ical phenomena in great detail, including acoustic waves in harmonic 
crystals and ion-acoustic waves in plasma.40

Some works related to the model (3.1) have been done, among them 
are; Chuan-Jian, et al.44 used the extended homoclinic test function 
approach to derive soliton solutions such kinky periodic solitary-wave 
solutions, periodic soliton solutions, and cross kink-wave solutions for 
the new (2+ 1)-dimensional KdV equation. Lie point symmetries associ-
ated with the model are investigated, Painlevé analysis for this equation 
is also presented and the soliton solution is obtained directly from the 
Bäcklund transformation by Shen45. By employing a proper algebraic 
transformation and the Riccati equation Yu-Feng et al.46 obtained 
soliton solutions via regarding the variable in the Riccati equation 
as the independent variable then extend the (2+ 1)-dimensional KdV 
equation into (3+ 1)-dimensional equation to derive the two-soliton 
solutions. By comparing our results to the ones existing in the literature 
our solutions are new.

We utilize the bilinear transformation method, to derive new soli-
tary wave solutions for the KdV equation. Which happened to be a 
robust symbolic computation technique for generating multiple soliton 
solution to the model (3.1).

Setting up the transformation 

𝑄(𝑥, 𝑦, 𝑡) = 6
𝛼
(ln 𝑔)𝑥 , (3.2)

The below bilinear form can be used to represent the new KdV model, 
𝑔𝑔𝑥𝑡 − 𝑔𝑥𝑔𝑡 + 𝑔𝑔𝑥𝑥𝑥𝑦 − 𝑔𝑦𝑔𝑥𝑥𝑥 + 3𝑔𝑥𝑥𝑔𝑥𝑦 − 3𝑔𝑥𝑔𝑥𝑥𝑦 = 0. (3.3)

where 𝑔 = 𝑔(𝑡, 𝑥, 𝑦) is a function of 𝑡, 𝑦 and 𝑥.

4. The new KdV model with its associated lump solutions

Let us consider the function 𝑔 to have a particular structure, to 
determine the exact lump solutions we utilize the Hirota’s bilinear 
form34,35

𝑔(𝑥, 𝑦, 𝑡) = 𝜆2 + 𝜇2 + 𝑛, (4.1)

where 
𝜇 = 𝑚3𝑡 + 𝑚1𝑥 + 𝑚2𝑦 + 𝑚4, 𝜆 = 𝑚7𝑡 + 𝑚5𝑥 + 𝑚6𝑦 + 𝑚8, (4.2)

where 𝑚2, 𝑚6 are the wave numbers, 𝑚1, 𝑚5 are the frequencies, 𝑚3, 𝑚7
are the velocities and 𝑚3, 𝑚8 are constants.10 The following equations 
are obtained when the above relations are used.

−2𝑚1𝑚
3
3 − 2𝑚5𝑚7𝑚

2
3 − 2𝑚1𝑚

2
7𝑚3 − 2𝑚5𝑚

3
7 = 0,

(4.3)
−2𝑚1𝑚3𝑚

2
2 + 2𝑚5𝑚7𝑚

2
2 − 4𝑚3𝑚5𝑚6𝑚2 − 4𝑚1𝑚6𝑚7𝑚2 + 2𝑚1𝑚3𝑚

2
6 − 2𝑚5𝑚

2
6𝑚7 = 0,

−2𝑚3𝑚
3
1 − 2𝑚5𝑚7𝑚

2
1 − 2𝑚3𝑚

2
5𝑚1 − 2𝑚3

5𝑚7 = 0,

−4𝑚1𝑚2𝑚
2
3 − 4𝑚5𝑚6𝑚

2
3 − 4𝑚1𝑚2𝑚

2
7 − 4𝑚5𝑚6𝑚

2
7 = 0,

−4𝑚2
1𝑚

2
3 − 4𝑚2

5𝑚
2
3 − 4𝑚2

1𝑚
2
7 − 4𝑚2

5𝑚
2
7 = 0,

−4𝑚2𝑚3𝑚
2
1 − 4𝑚6𝑚7𝑚

2
1 − 4𝑚2𝑚3𝑚

2
5 − 4𝑚2

5𝑚6𝑚7 = 0,

−4𝑚 𝑚 𝑚2 − 4𝑚 𝑚 𝑚2 − 4𝑚 𝑚 𝑚2 − 4𝑚 𝑚2𝑚 = 0,
1 4 3 5 8 3 1 4 7 5 7 8
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Fig. 1. The 3D and density plots of Eq. (4.5) for 𝛼 = 1.5, 𝑚2 = 0.3, 𝑚3 = 𝑚4 = 𝑚6 = 0.2, 𝑚8 = 1.6, 𝑛 = 0.2  at 𝑚5 = 0.5, 𝑚5 = 1.5  and 𝑚5 = 2.8 respectively.
−4𝑚1𝑚2𝑚3𝑚4 − 4𝑚3𝑚4𝑚5𝑚6 + 4𝑚2𝑚4𝑚5𝑚7 − 4𝑚1𝑚4𝑚6𝑚7

−4𝑚2𝑚3𝑚5𝑚8 + 4𝑚1𝑚3𝑚6𝑚8 − 4𝑚1𝑚2𝑚7𝑚8 − 4𝑚5𝑚6𝑚7𝑚8 = 0,

−4𝑚3𝑚4𝑚
2
1 − 4𝑚7𝑚8𝑚

2
1 − 4𝑚3𝑚4𝑚

2
5 − 4𝑚2

5𝑚7𝑚8 = 0,

2𝑚3𝑚1𝑛 + 2𝑚5𝑚7𝑛 + 12𝑚2𝑚3
1 + 12𝑚5𝑚6𝑚2

1 − 2𝑚3𝑚2
4𝑚1 + 12𝑚2𝑚2

5𝑚1 + 2𝑚3𝑚2
8𝑚1

−4𝑚4𝑚7𝑚8𝑚1 − 2𝑚5𝑚7𝑚2
8 + 12𝑚3

5𝑚6 + 2𝑚2
4𝑚5𝑚7 − 4𝑚3𝑚4𝑚5𝑚8 = 0.

We obtain the solution of Eq. (4.3) using a mathematical package, along 
with Eqs. (4.1), (3.3) and (4.2) the solution sets are found as;

Set I: 

𝑚1 = −𝑖𝑚5, 𝑚7 = −𝑖𝑚3, 𝑛 = 0. (4.4)

These values generate the lump solutions 

𝑄2(𝑥, 𝑦, 𝑡) =
6
(

2𝑚5
(

−𝑖𝑚3𝑡 + 𝑚5𝑥 + 𝑚6𝑦 + 𝑚8
)

− 2𝑖𝑚5
(

𝑚3𝑡 − 𝑖𝑚5𝑥 + 𝑚2𝑦 + 𝑚4
))

𝛼
((

𝑚3𝑡 − 𝑖𝑚5𝑥 + 𝑚2𝑦 + 𝑚4
)

2 +
(

−𝑖𝑚3𝑡 + 𝑚5𝑥 + 𝑚6𝑦 + 𝑚8
)

2
) .

(4.5)

Lump solutions are of great interest in fields like fluid dynamics, 
quantum mechanics, and optics due to their localization property. They 
decay in all spatial directions and represent a stable, localized structure 
that can travel without changing its shape, which is typically found in 
nonlinear wave equations.

Fig.  1 displays a smooth surface of Eq. (4.5) with a distinct crest 
and trough, little oscillation, and an average wave height. The lump 
solution behaves less oscillatorily and more steadily at lower frequency 
𝑚5 = 0.5, indicating confined energy and an unaltered wave structure. 
There is less localized energy and a more complicated wave structure 
in the lump solution at medium frequency 𝑚5 = 1.5, as evidenced by 
the increased oscillations. The lump solution exhibits steep troughs and 
extreme oscillations at higher frequency 𝑚5 = 2.8, suggesting a greater 
vulnerability to instability and dispersion and less confined energy.

Fig.  2 depicts a smooth surface of Eq. (4.5) with noticeable crests 
and troughs, minimal oscillation, and average wave height. At lower 
frequencies, the lump solution exhibits less oscillatory behavior, sug-
gesting contained energy and unchanged wave shape. It has a more 
complex wave structure and less localized energy at mid-frequencies. 
3 
It exhibits severe oscillations and steep peaks at higher frequencies, 
suggesting increased instability and dispersion.

5. Lump-periodic solutions

The combination of lump and periodic solutions that have localized 
structures and behave periodically over space or time is called lump-
periodic solutions. It has many applications in fluid dynamics, quantum 
mechanics, and optics due to its complex wave structure stability. 
The following relationship is used to retrieve the lump periodic wave 
solutions36: 
𝑔(𝑥, 𝑦, 𝑡) = 𝑛2 cos

(

𝜇2
)

+ 𝑛1 cosh
(

𝜇1
)

+ 𝑛3 cosh
(

𝜇3
)

, (5.1)

where

𝜇3 = 𝑙3𝑡 + 𝑙1𝑥 + 𝑙2𝑦, (5.2)
𝜇2 =𝑚3𝑡 + 𝑚1𝑥 + 𝑚2𝑦,

𝜇1 = 𝑟3𝑡 + 𝑟1𝑥 + 𝑟2𝑦.

where 𝑙𝑖, 𝑚𝑖, 𝑟𝑖 (𝑖 = 1, 2, 3) are constants, below system of equations is 
found by replacing Eqs. (5.1), (5.2) into Eq. (3.3) and then collecting 
the coefficients:

−3𝑚2
1𝑛1𝑛2𝑟1𝑟2 − 3𝑚2𝑚1𝑛1𝑛2𝑟

2
1 + 𝑚2𝑚

3
1𝑛1𝑛2 − 𝑚3𝑚1𝑛1𝑛2 + 𝑛1𝑛2𝑟

3
1𝑟2 + 𝑛1𝑛2𝑟1𝑟3 = 0,

(5.3)
4𝑚3

1𝑚2𝑛
2
2 − 𝑚1𝑚3𝑛

2
2 = 0,

3𝑙21𝑛1𝑛3𝑟1𝑟2 + 3𝑙2𝑙1𝑛1𝑛3𝑟21 + 𝑙2𝑙
3
1𝑛1𝑛3 + 𝑙3𝑙1𝑛1𝑛3 + 𝑛1𝑛3𝑟

3
1𝑟2 + 𝑛1𝑛3𝑟1𝑟3 = 0,

−3𝑙21𝑚1𝑚2𝑛2𝑛3 − 3𝑙2𝑙1𝑚2
1𝑛2𝑛3 + 𝑙2𝑙

3
1𝑛2𝑛3 + 𝑙3𝑙1𝑛2𝑛3 + 𝑚3

1𝑚2𝑛2𝑛3 − 𝑚1𝑚3𝑛2𝑛3 = 0,

𝑙31𝑚2𝑛2𝑛3 + 3𝑙2𝑙21𝑚1𝑛2𝑛3 − 3𝑙1𝑚2
1𝑚2𝑛2𝑛3 + 𝑙1𝑚3𝑛2𝑛3 − 𝑙2𝑚

3
1𝑛2𝑛3 + 𝑙3𝑚1𝑛2𝑛3 = 0,

4𝑙2𝑙31𝑛
2
3 + 𝑙3𝑙1𝑛

2
3 = 0,

𝑚3
1
(

−𝑛1
)

𝑛2𝑟2 − 3𝑚2𝑚
2
1𝑛1𝑛2𝑟1 + 3𝑚1𝑛1𝑛2𝑟

2
1𝑟2 + 𝑚1𝑛1𝑛2𝑟3 + 𝑚2𝑛1𝑛2𝑟

3
1 + 𝑚3𝑛1𝑛2𝑟1 = 0,

𝑙31
(

−𝑛1
)

𝑛3𝑟2 − 3𝑙2𝑙21𝑛1𝑛3𝑟1 − 3𝑙1𝑛1𝑛3𝑟21𝑟2 − 𝑙1𝑛1𝑛3𝑟3 − 𝑙2𝑛1𝑛3𝑟
3
1 − 𝑙3𝑛1𝑛3𝑟1 = 0,

4𝑛21𝑟2𝑟
3
1 + 𝑛21𝑟3𝑟1 = 0.

The following results are obtained by solving Eq. (5.3).
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Fig. 2. The three-dimensional and two-dimensional graphs of Eq. (4.5) for 𝛼 = 1.5, 𝑚2 = 0.3, 𝑚3 = 2.2, 𝑚4 = 𝑚6 = 0.2, 𝑚8 = 8.1, 𝑛 = 0.2  at 𝑚5 = 4.5, 𝑚5 = 7.5  and 𝑚5 = 9.8 respectively.
Fig. 3. The three-dimensional and two-dimensional plots of Eq. (5.5) for 𝛼 = 0.8, 𝑙2 = 0.2, 𝑚2 = 0.5, 𝑛1 = 1.6, 𝑛2 = 1.7, 𝑛3 = 0.5  at 𝑙1 = 0.6, 𝑙1 = 0.9  and 𝑙1 = 1.2 respectively.
Set I: 

𝑚1 = −𝑖𝑙1, 𝑚3 = −4𝑙21𝑚2, 𝑙3 = −4𝑙21𝑙2, 𝑛1 = 0. (5.4)

By using the Eqs. (3.2), (5.1), (5.2) and (5.4), the following result is 
obtained 

𝑄4(𝑥, 𝑦, 𝑡) =
6𝑙1

(

𝑛3 sinh
(

𝑙2
(

𝑦 − 4𝑙21𝑡
)

+ 𝑙1𝑥
)

+ 𝑛2 sinh
(

𝑙1𝑥 + 𝑖𝑚2
(

𝑦 − 4𝑙21𝑡
)))

𝛼
(

𝑛3 cosh
(

𝑙2
(

𝑦 − 4𝑙21𝑡
)

+ 𝑙1𝑥
)

+ 𝑛2 cosh
(

𝑙1𝑥 + 𝑖𝑚2
(

𝑦 − 4𝑙21𝑡
))) .

(5.5)

The lump-periodic solution of Eq. (5.5) shows in Fig.  3 has an 
equilibrium periodic shape and stable, less oscillating movements at 
lower frequency 𝑙1 = 0.6. A uniform wave structure with mild periodic 
modulation and well-localized energy is indicated by this. The 3𝐷
and 2𝐷 graphs exhibit lump-periodic behavior, displaying a periodic 
structure with mild peaks and valleys. The imaginary section (orange 
curve) shows a slight change close to 𝑥 = 0, but the real component 
(blue curve) shifts smoothly. As the frequency parameter increases 
from 𝑙 = 0.9 to 𝑙 = 1.2, lump-periodic solutions exhibit faster and 
1 1

4 
more pronounced fluctuations. Both 2𝐷 and 3𝐷 charts exhibit sharper 
transitions and more pronounced peaks and troughs that come with 
higher frequencies. These findings will be crucial for applications that 
need the coherence and stability of wave structures with periodic 
behavior.

Set II: 

𝑚3 = 4𝑚2
1𝑚2, 𝑛1 = 0, 𝑛3 = 0, (5.6)

we get 

𝑄5(𝑥, 𝑦, 𝑡) = −
6𝑚1 tan

(

𝑚2
(

4𝑚2
1𝑡 + 𝑦

)

+ 𝑚1𝑥
)

𝛼
. (5.7)

Set III: 

𝑟 = 𝑖𝑚 , 𝑟 = 4𝑚2𝑟 , 𝑙 = −𝑖𝑚 , 𝑙 = 4𝑙 𝑚2, 𝑚 = 4𝑚2𝑚 , (5.8)
1 1 3 1 2 1 1 3 2 1 3 1 2



M.A. Isah et al. Partial Diϱerential Equations in Applied Mathematics 14 (2025) 101214 
Fig. 4. The graphs of three-dimensional and two-dimensional for Eq. (5.9) at 𝛼 = 0.8, 𝑙1 = 𝑙2 = 0.6, 𝑚2 = 0.5, 𝑟2 = 0.3, 𝑛1 = 1.6, 𝑛2 = 1.7, 𝑛3 = 0.5  when 𝑚1 = 0.5, 𝑚1 = 0.7  and 𝑚1 = 0.88
respectively.
Fig. 5. The contour plots of Fig.  4 for 𝛼 = 0.8, 𝑙1 = 𝑙2 = 0.6, 𝑚2 = 0.5, 𝑟2 = 0.3, 𝑛1 = 1.6, 𝑛2 = 1.7, 𝑛3 = 0.5  at 𝑚1 = 0.5, 𝑚1 = 0.7  and 𝑚1 = 0.88 respectively.
by using the Eqs. (3.2), (5.1), (5.2) and (5.8), we obtain 

𝑄6(𝑥, 𝑦, 𝑡) = −

6𝑚1

(

𝑖𝑛3 sinh
(

4𝑙2𝑚2
1𝑡 + 𝑙2𝑦 − 𝑖𝑚1𝑥

)

+ 𝑛1 sin
(

𝑚1𝑥 − 𝑖𝑟2
(

4𝑚2
1𝑡 + 𝑦

))

+𝑛2 sin
(

𝑚2
(

4𝑚2
1𝑡 + 𝑦

)

+ 𝑚1𝑥
)

)

𝛼

(

𝑛3 cos
(

𝑚1𝑥 + 𝑖𝑙2
(

4𝑚2
1𝑡 + 𝑦

))

+ 𝑛1 cos
(

𝑚1𝑥 − 𝑖𝑟2
(

4𝑚2
1𝑡 + 𝑦

))

+𝑛2 cos
(

𝑚2
(

4𝑚2
1𝑡 + 𝑦

)

+ 𝑚1𝑥
)

) .

(5.9)

The solution of 𝑄6(𝑥, 𝑦, 𝑡) is shown in three, two dimensions, and 
contour in Figs.  4 and 5, which show a periodic structure with well-
separated lumps that follow a regular pattern. The solution has a 
spatial distribution of high and low values and oscillates with a specific 
frequency and amplitude. The lump-periodic solution behaves more 
steadily and is less oscillatory at lower frequency 𝑚1 = 0.5. The wave 
retains a coherent structure with mild periodic modulation, indicating 
that the energy is well-localized, as indicated by the moderate periodic 
structure. Increasing the frequency variable to 𝑚1 = 0.88 results in 
obtaining multi dark lump solutions which oscillate more sharply and 
quickly. The contour plots, show a very dense distribution of lumps 
with high-value regions becoming prominent, and the 3D and 2D plots 
exhibit this tendency. The wave patterns exhibit sharper transitions 
and more noticeable valleys at higher frequencies. Applications needing 
coherence and stability of wave structures with periodic behavior will 
find these insights invaluable.
5 
Set IV: 

𝑟1 = 𝑙1, 𝑟3 = −4𝑙21𝑟2, 𝑛2 = 0, 𝑙3 = −4𝑙21𝑙2. (5.10)

We get 

𝑄7(𝑥, 𝑦, 𝑡) =
6𝑙1

(

𝑛1 sinh
(

𝑟2
(

𝑦 − 4𝑙21𝑡
)

+ 𝑙1𝑥
)

+ 𝑛3 sinh
(

𝑙2
(

𝑦 − 4𝑙21𝑡
)

+ 𝑙1𝑥
))

𝛼
(

𝑛1 cosh
(

𝑟2
(

𝑦 − 4𝑙21𝑡
)

+ 𝑙1𝑥
)

+ 𝑛3 cosh
(

𝑙2
(

𝑦 − 4𝑙21𝑡
)

+ 𝑙1𝑥
)) .

(5.11)

One may observe how the dynamics of the generated solution 
Eq. (5.11) vary with frequency by looking at the surface in three-
dimensional plots for various values of 𝑙1. The solution is quite stable 
and shows slight slopes at 𝑙1 = 0.09. The adjustments happen gradually 
and deliberately. A dark soliton solution, which indicates increased 
complexity and notable changes, is generated when the system starts to 
fluctuate dynamically at 𝑙1 = 0.5. The system exhibits complicated and 
unexpected behavior as the frequency increases, going from a single 
dark soliton solution to an multi dark lump solution since the system 
gets more sensitive and unstable as the energy spreads farther.

Set V: 

𝑟 = −𝑖𝑚 , 𝑟 = 4𝑚2𝑟 , 𝑛 = 0, 𝑚 = 4𝑚2𝑚 . (5.12)
1 1 3 1 2 3 3 1 2
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Fig. 6. The 3D and density plots of Eq. (5.11) for 𝛼 = 0.8, 𝑙2 = 0.6, 𝑟2 = 0.3, 𝑛1 = 1.6, 𝑛3 = 0.5  at 𝑙1 = 0.09, 𝑙1 = 0.5  and 𝑙1 = 7.5 respectively.
Fig. 7. The three-dimensional, two-dimensional and contour plots of Eq. (5.13) for 𝛼 = 0.8, 𝑚1 = 𝑚2 = 0.6, 𝑟2 = 0.3, 𝑛2 = 1.6, 𝑛1 = 0.5 respectively.
We obtain 

𝑄8(𝑥, 𝑦, 𝑡) = −
6𝑚1

(

𝑛2 sin
(

𝑚2
(

4𝑚2
1𝑡 + 𝑦

)

+ 𝑚1𝑥
)

+ 𝑛1 sin
(

𝑚1𝑥 + 𝑖𝑟2
(

4𝑚2
1𝑡 + 𝑦

)))

𝛼
(

𝑛2 cos
(

𝑚2
(

4𝑚2
1𝑡 + 𝑦

)

+ 𝑚1𝑥
)

+ 𝑛1 cos
(

𝑚1𝑥 + 𝑖𝑟2
(

4𝑚2
1𝑡 + 𝑦

))) .

(5.13)

The real component of Eq. (5.13) is shown in a 3𝐷 graphic, which 
shows localized wave patterns as peaks and troughs throughout a range 
of 𝑥 and 𝑦 values. This makes spatial behavior, such wave propagation 
or energy distribution, easier to understand. Using contour lines to 
represent different values, a contour plot provides a top-down view 
of the values of the function. Contour plots are commonly used to 
illustrate potential fields, such as electric or gravitational fields, where 
lines indicate areas of equal potential. A 2𝐷 figure shows the cross-
sections of the function’s real and imaginary components along certain 
axes illustrates oscillatory activity and the relationship between the 
real and imaginary components. It is necessary to understand how a 
function evolves across time or space.

6. The two-wave solutions

Let us assume that the function 𝑔 has the following structure so that 
we can obtain the precise two-wave solution in this section 
𝑔(𝑥, 𝑦, 𝑡) = e𝜇1𝑛 + e−𝜇1𝑛 + 𝑛 sin

(

𝜇
)

+ 𝑛 sinh
(

𝜇
)

, (6.1)
1 2 3 2 4 3

6 
where

𝜇1 =𝑚2𝑡 + 𝑚1𝑦 + 𝑥, (6.2)
𝜇2 =𝑚4𝑡 + 𝑚3𝑦 + 𝑥,

𝜇3 =𝑚6𝑡 + 𝑚5𝑦 + 𝑥.

where 𝑚1, 𝑚2, 𝑚3, 𝑚4, 𝑚5 and 𝑚6 are constants, we get The following 
when the above relations are used.

16𝑚1𝑛1𝑛2 + 4𝑚2𝑛1𝑛2 = 0, (6.3)
−2𝑚1𝑛1𝑛3 − 𝑚2𝑛1𝑛3 + 2𝑚3𝑛1𝑛3 − 𝑚4𝑛1𝑛3 = 0,

−2𝑚1𝑛1𝑛3 + 𝑚2𝑛1𝑛3 − 2𝑚3𝑛1𝑛3 − 𝑚4𝑛1𝑛3 = 0,

2𝑚1𝑛2𝑛3 + 𝑚2𝑛2𝑛3 − 2𝑚3𝑛2𝑛3 + 𝑚4𝑛2𝑛3 = 0,

−2𝑚1𝑛2𝑛3 + 𝑚2𝑛2𝑛3 − 2𝑚3𝑛2𝑛3 − 𝑚4𝑛2𝑛3 = 0,

4𝑚3𝑛
2
3 − 𝑚4𝑛

2
3 = 0,

−4𝑚1𝑛1𝑛4 − 𝑚2𝑛1𝑛4 − 4𝑚5𝑛1𝑛4 − 𝑚6𝑛1𝑛4 = 0,

4𝑚1𝑛1𝑛4 + 𝑚2𝑛1𝑛4 + 4𝑚5𝑛1𝑛4 + 𝑚6𝑛1𝑛4 = 0,

4𝑚1𝑛2𝑛4 + 𝑚2𝑛2𝑛4 + 4𝑚5𝑛2𝑛4 + 𝑚6𝑛2𝑛4 = 0,

4𝑚1𝑛2𝑛4 + 𝑚2𝑛2𝑛4 + 4𝑚5𝑛2𝑛4 + 𝑚6𝑛2𝑛4 = 0,

2𝑚3𝑛3𝑛4 − 𝑚4𝑛3𝑛4 − 2𝑚5𝑛3𝑛4 − 𝑚6𝑛3𝑛4 = 0,

−2𝑚 𝑛 𝑛 − 𝑚 𝑛 𝑛 − 2𝑚 𝑛 𝑛 + 𝑚 𝑛 𝑛 = 0,
3 3 4 4 3 4 5 3 4 6 3 4
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Fig. 8. The three-dimensional and contour plots of Eq. (6.7) using 𝛼 = 0.02, 𝑚6 = 0.6, 𝑛1 = 0.2, 𝑛2 = 0.9, 𝑛4 = 0.8  at 𝑚1 = 0.5, 𝑚1 = 0.8  and 𝑚1 = 1.2 respectively.
−4𝑚5𝑛
2
4 − 𝑚6𝑛

2
4 = 0, 4𝑚5𝑛

2
4 + 𝑚6𝑛

2
4 = 0.

We obtain the following sets of solutions by using Eqs. (6.1), (3.3) and 
(6.2):

Set I: When 
𝑚2 = −4𝑚1, 𝑚5 = −

𝑚6
4
, 𝑛2 = 0; 𝑛3 = 0. (6.4)

The two-wave solution of Eq. (3.1) is obtained by using these values 

𝑄9(𝑥, 𝑦, 𝑡) =
6
(

𝑛4e4𝑚1𝑡 cosh
(

𝑚6

(

𝑡 − 𝑦
4

)

+ 𝑥
)

+ 𝑛1e𝑚1𝑦+𝑥
)

𝛼
(

𝑛4e4𝑚1𝑡 sinh
(

𝑚6

(

𝑡 − 𝑦
4

)

+ 𝑥
)

+ 𝑛1e𝑚1𝑦+𝑥
) . (6.5)

Set II: 
𝑚2 = −4𝑚1, 𝑚5 = −

𝑚6
4
, 𝑛3 = 0. (6.6)

These values give 

𝑄10(𝑥, 𝑦, 𝑡) =
6
(

𝑛4e𝑚1(4𝑡+𝑦)+𝑥 cosh
(

𝑚6

(

𝑡 − 𝑦
4

)

+ 𝑥
)

− 𝑛2e8𝑚1 𝑡 + 𝑛1e2
(

𝑚1𝑦+𝑥
)

)

𝛼
(

𝑛4e𝑚1(4𝑡+𝑦)+𝑥 sinh
(

𝑚6

(

𝑡 − 𝑦
4

)

+ 𝑥
)

+ 𝑛2e8𝑚1 𝑡 + 𝑛1e2
(

𝑚1𝑦+𝑥
)

) .

(6.7)

Set III: 
𝑚6 = −4𝑚5, 𝑛1 = 0, 𝑛2 = 0, 𝑛3 = 0. (6.8)

The following solution is retrieved 

𝑄11(𝑥, 𝑦, 𝑡) =
6 coth

(

𝑚5(𝑦 − 4𝑡) + 𝑥
)

𝛼
. (6.9)

7. Results and discussions

In this work, the lump interaction principles of an acoustic wave 
equation in harmonic crystals are investigated using the Hirota bi-
linear approach. It has been demonstrated that lump wave solutions 
are among the most effective ones for non-linear evolution equations. 
The successful reporting of several lump-wave, two-wave, and lump-
periodic wave solutions. In physics, maths, and related fields, a wave 
is an expanding dynamic disturbance of one or more parameters. When 
7 
a wave is periodic, its components oscillate regularly at a certain 
frequency in the vicinity of an equilibrium value. A standing wave, 
in comparison, is made up of two superimposed periodic waves that 
travel in the opposing directions. A wave is said to be a traveling wave 
if the entire waveform is moving in the same direction. The vibrational 
amplitude of the standing waves in certain places has nulls where the 
wave phase seems to be 0 or very low.47

When the parameters are set to have good values, plots in three-
dimensions, two-dimensions, density, and contour are presented. These 
plots are used to examine the evolutionary traits of wave solutions 
and study their dynamics. Figs.  1 and 2 illustrate the evolution and 
dynamical characteristics of the lump wave solutions obtained us-
ing the suitable parameters given above. Figs.  1 and 2 depict the 
solution in three dimensions, two dimensions and density pictures 
of Eq. (4.5). The three-dimensional graphic in the complete view is 
where we discover the periodic qualities. The density, contour, three-
dimensional and two-dimensional images in Figs.  1 and 2 are obtained 
by extending the range to widen the observation waveform. The lump 
waves, which travel in the 𝑥-axis’s positive direction and experience 
periodic alterations, are what we can observe. Figs.  3–7 show the 
collision characteristics between the exponential function, lump wave 
and singular periodic wave for the lump–periodic wave solutions. We 
can observe the two lump waves, one with a crest higher than the water 
and one with a dip lower than the water together with some periodic 
waves in Fig.  3, as 𝑙1 increases the lump-periodic waves increase and 
move diagonally. As seen in Fig.  4, when the velocity of the wave 𝑚1 is 
increased, the peak of the lump wave steadily decreases which results 
in the restoration of the 6 dark soliton solutions which are known 
to be dark-lump wave solutions, their corresponding contour graphs 
are displayed in Fig.  5. Interesting graphs can be observed from the 
simulation of Eq. (5.11), when the graph of |

|

𝑄7(𝑥, 𝑦, 𝑡)||
2 is constructed, 

the kink soliton solution is obtained, as the velocity of the wave 
𝑙1 is increased the dark soliton and 8-dark lump wave solutions are 
generated. The 3-dark lump waves together with some periodic waves 
can be seen in Fig.  7. Figs.  8 and 9 show the collision characteristics 
between the singular periodic, exponential function and lump waves 
for the two-wave solutions.
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Fig. 9. The three-dimensional, contour and two-dimensional plots of Eq. (6.9) for 𝛼 = 0.02, 𝑚5 = 0.3 respectively.
If the real symmetric matrix 𝐴 = (𝑎𝑖𝑗 )𝑀×𝑀  is positive definite in 
the quadratic function 𝑔 as defined by Ma et al.48, then 𝑔 → ∞ when 
|𝑥| → ∞ in any direction within 𝑅𝑁 , which ensures that 𝑄(𝑥, 𝑦, 𝑡) =
6
𝛼 (ln 𝑔)𝑥 → 0 as |𝑥| → ∞ in any direction in 𝑅𝑁 , and results in the 
formation of lump solutions, rationally localized solutions in both space 
and time directions. On the other hand, if A is positive semidefinite, 
then 𝑄(𝑥, 𝑦, 𝑡) = 6

𝛼 (ln 𝑔)𝑥 does not go to zero in other word vanish in 
all directions in 𝑅𝑁  but may go to zero in all directions in a subspace 
of 𝑅𝑁 . As a result, lump-type solutions are usually the end outcome in 
these situations. Fortunately, the solutions obtained are, in fact, lump 
solutions if the appropriate subspace corresponds to the entire space to 
which the spatial variables belong.48

8. Conclusion

The new KdV model has significantly advanced our understanding 
of a number of physical phenomena, such as ion-acoustic waves in 
plasma and acoustic waves in harmonic crystals. With the help of Hirota 
linearization and the proper transformation, the new KdV equation 
is solved analytically. The generated solutions contain many solitary 
wave types, including lump waves in the form of lump-periodic wave 
solutions, two-wave solutions, and lump waves in the form of dark-
bright lump wave solutions. The results have important ramifications 
for a number of intriguing scientific phenomena, such as ion-acoustic 
waves in plasma, acoustic waves in harmonic crystals, and shallow-
water waves. The investigation’s findings might assist to create new 
scientific applications. Based on the choice of suitable parameter val-
ues, numerical simulations of the reported results are provided. New 
information and ideas about the innovative (2 + 1)−dimensional KdV 
equation were undoubtedly offered by the study’s findings.

We conclude with the expectation that our results will be a starting 
point for further studies of the lump solutions and their impact on 
the evolving behavior of nonlinear wave occurrences. By doing so, we 
contribute to the broader area of mathematical techniques, deepen our 
understanding of complicated nonlinear dynamics, and pave the way 
for innovative applications in a range of scientific domains. Acoustic 
waves in harmonic crystals, ion-acoustic waves in plasma, including 
shallow-water waves, and other fascinating scientific phenomena all 
benefit from the discovery. In future we aim to find the lump solution 
of the higher dimensional KdV and PDEs in general.
8 
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