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a b s t r a c t

In 2000 Patterson proved that if a bounded double sequence is divergent then there are RH-
regular matrix methods that sum it to various values. It is now natural to ask the following
question. Is there a collection Υ of RH-regular matrix methods which are consistent and
such that every bounded double sequence is summable by at least one method in the
collection? Similar to Goffman and Petersen’s presentation we will present a class of such
a collection. In addition, it is clear from the presentation here that it is extremely difficult
to find all such collections. However, we have extended this class to a countable collection
of RH-regular matrix methods with bounded norm.

© 2010 Published by Elsevier Ltd

1. Introduction

The goals of this paper include the presentation and characterization of the following collection of summability matrix
methods. Let Υ denote the collection of all summability matrix methods C = cm,n,k,l such that C is RH-regular, C is positive
i.e. cm,n,k,l ≥ 0 for allm, n, k, l, and for every (m, n) there are km and ln such that cm,n,km,ln =

1
2 and for every k and l, k = km

and l = ln respectively. To accomplish these goals we provide answers to the following questions. First, is there a consistent
sub-collection Ξ of Υ which is summable for all bounded double sequences such that for every f (L,U) there is a bounded
[sk,l]withΞ- limk,l sk,l 6= f (L,U)? Second, if Υ is any collection of consistent summability methods for which the P-limit is
bounded for all bounded double sequence, and if the Υ limit is given by a function of the form f (L,U), is it necessary that
f (L,U) = L+U

2 ? The proofs presented here follows the guideline set forth by Goffman and Petersen in [1,2].

2. Definitions, notations and preliminary results

Definition 2.1 (Pringsheim, [3]). A double sequence x = [xk,l] has Pringsheim limit L (denoted by P-lim x = L) provided
that given ε > 0 there exists N ∈ N such that

∣∣xk,l − L∣∣ < ε whenever k, l > N . We shall describe such an xmore briefly as
‘‘P-convergent’’.

Definition 2.2 (Pringsheim, [3]). A double sequence x is called definite divergent, if for every (arbitrarily large) G > 0 there
exist two natural numbers n1 and n2 such that

∣∣xn,k∣∣ > G for n ≥ n1, k ≥ n2.
The four dimensional matrix A is said to be RH-regular if it maps every bounded P-convergent sequence into a P-convergent
sequence with the same P-limit. The assumption of boundedness was made because a double sequence which is P-
convergent is not necessarily bounded. Using this definition both Robison and Hamilton, independently, presented the
following Silverman–Toeplitz type characterization of RH-regularity.
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Theorem 2.1. The four dimensional matrix A is RH-regular if and only if
RH1: P-limm,n am,n,k,l = 0 for each k and l;
RH2: P-limm,n

∑
k,l am,n,k,l = 1;

RH3: P-limm,n
∑
k

∣∣am,n,k,l∣∣ = 0 for each l;
RH4: P-limm,n

∑
l

∣∣am,n,k,l∣∣ = 0 for each k;
RH5:

∑
k,l

∣∣am,n,k,l∣∣ is P-convergent; and
RH6: there exist positive numbers A and B such that

∑
k,l>B

∣∣am,n,k,l∣∣ < A.
Definition 2.3 (Patterson, [4]). The double sequence [y] is a double subsequence of the sequence [x] provided that there
exist two increasing double index sequences {nj} and {kj} such that if zj = xnj,kj , then y is formed by

z1 z2 z5 z10
z4 z3 z6 −

z9 z8 z7 −

− − − −.

Definition 2.4 (Patterson, [4]).Anumberβ is called a Pringsheim limit point of the double sequence [x] provided that there
exists a subsequence [y] of [x] that has Pringsheim limit β : P- lim[y] = β .

Let {xk,l} be a double sequence of real numbers and, for each n, let αn = supn{xk,l : k, l ≥ n}. The Pringsheim limit superior of
[x] is defined as follows:
(1) if α = +∞ for each n, then P-lim sup[x] := +∞;
(2) if α <∞ for some n, then P-lim sup[x] := infn{αn}.

Similarly, let βn = infn{xk,l : k, l ≥ n}. Then the Pringsheim limit inferior of [x] is defined as follows:
(1) if βn = −∞ for each n, then P-lim inf[x] := −∞;
(2) if βn > −∞ for some n, then P-lim inf[x] := supn{βn}.

3. Main result

We will consider the following collection of RH-regular matrix methods. Let Υ denote the collection of all summability
matrix methods C = cm,n,k,l such that
(1) C is RH-regular
(2) C is positive i.e. cm,n,k,l ≥ 0 for allm, n, k, l.
(3) For every (m, n) there are km and ln such that cm,n,km,ln =

1
2 and for every k and l, k = km and l = ln respectively.

If the four dimensional matrix A = am,n,k,l is applied to successive transforms tm,n =
∑
k,l bm,n,k,lsk,l and then τm,n =∑

k,l am,n,k,ltk,l the resulting transformation is called the iteration of A and B. Let h(A) denote the following

h(A) = max
m,n

∑
k,l

|am,n,k,l|.

Theorem 3.1. The collection Υ is consistent.
Proof. Let [si,j] be a bounded double sequence. Also let A ∈ Υ and suppose [si,j] is A summable. We will now show that A
sum [si,j] to L+U2 where L = lim infi,j si,j and U = lim supi,j si,j. Let (iα, jβ) and (iφ, jϕ) be pair of increasing index sequences
such that P-limα,β siα ,jβ = L and P-limφ,ϕ siφ ,jϕ = U . Let tm,n denote the A transformation of s. Let (pα, qβ) and (pφ, qϕ) be
such that kpα = iα , kqβ = jβ , kpφ = iφ , and kqϕ = jϕ for α, β, φ, and ϕ = 1, 2, 3, . . . . Thus

P- lim
α,β
tpα ,qβ = P- lim

α,β

∑
(k,l)6=(iα ,jβ )

apα ,qβ ,k,lsk,l +
L
2

≤ P- lim
α,β

∑
(k,l)6=(iα ,jβ )

apα ,qβ ,k,lU +
L
2

≤
U + L
2

.

It is also clear that

P- lim
α,β
tpφ ,qϕ ≥

U + L
2

.

Thus, if s is A summable then A sum s to U+L2 . Thus Υ is consistent. �
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Theorem 3.2. For every bounded double sequence [sk,l] there is an A ∈ Υ such that [sk,l] is A summable.

Proof. For every (m, n), there are c1 ≥ 0, c2 ≥ 0, and c1 + c2 = 1
2 such that

P- lim
m,n

( sm,n
2
+ c1U + c2L

)
=
L+ U
2

.

We define A as follows:

am,n,k,l =



1
2
, for allm = k and n = l,

c1, |skm,ln − U| ≤
1
mn

k = km > m and l = ln > n,

c2. |skm,ln − L| ≤
1
mn

k = km > m and l = ln > n,

0, for k, l 6= m, n, km, ln.

Thus A is in Υ and [sk,l] is A summable. �

Thus we have the following theorem.

Theorem 3.3. The collection Υ is consistent and every bounded double sequence [sk,l] is summable be at least one member of Υ .

In a manner to that in [1] we will denote such limit by Υ - limk,l sk,l

Theorem 3.4. For any RH-regular matrix C, there is a consistent collection of Ξ of RH-regular summability matrix methods, all
consistent with C, which limit all bounded double sequences.

Proof. LetΞ consist of all B = AC , A ∈ Υ . �

Let us look at the collection Υ define in Theorem 3.1 a little closer. Note that the collection is such that ∆ sum [sk,l] to
L+U
2 where L = lim infk,l sk,l and U = lim supk,l sk,l for all∆ ∈ Υ .
Is it the case that for every consistent collectionΞ , which limits all bounded double sequences, there is a function f (L,U)

such thatΞ- limk,l sk,l = f (L,U). To answer this question let us consider the following corollary.

Corollary 3.1. There is a consistent collectionΞ which sums all bounded double sequences such that for every f (L,U) there is a
bounded [sk,l] withΞ- limk,l sk,l 6= f (L,U).

Proof. Let C be the double Cesàro method (C, 1, 1) and consider the following double sequences

sk,l =



1 0 1 0 1 · · ·
0 0 1 0 1 · · ·
1 1 1 0 1 · · ·
0 0 0 0 1 · · ·
1 1 1 1 1 · · ·
...

...
...

...
...

. . .

and

tk,l =



1 0 0 1 0 0 · · ·

0 0 0 1 0 0 · · ·

0 0 0 1 0 0 · · ·

1 1 1 1 0 0 · · ·

0 0 0 0 0 0 · · ·

0 0 0 0 0 0 · · ·

...
...

...
...

...
...

. . . .

Observe that f (L,U) is the same for both [s] and [t]. HoweverΞ- limk,l sk,l 6= Ξ- limk,l tk,l. �

Thus the conjecture is false.

Theorem 3.5. If Υ is any collection of consistent summability methods that sums all bounded double sequence, and if theΥ limit
is given by a function of the form f (L,U), then f (L,U) = L+U

2 .
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Proof. Suppose Υ and f (L,U) are both define as above. Let [sk,l] be define as

1 0 1 0 1 · · ·
0 0 1 0 1 · · ·
1 1 1 0 1 · · ·
0 0 0 0 1 · · ·
1 1 1 1 1 · · ·
...

...
...

...
...

. . .

and suppose [sk,l] is summable by A ∈ Υ to K . Then, for every U ≥ 0, [Usk,l] is A summable to KU . Since U ≥ L then the
double sequences

U − L 0 U − L 0 U − L · · ·
0 0 U − L 0 U − L · · ·

U − L U − L U − L 0 U − L · · ·
0 0 0 0 U − L · · ·

U − L U − L U − L U − L U − L · · ·
...

...
...

...
...

. . .

and [L] are both A summable to K(U − L) and L, respectively. This assure us that the double sequence

U L U L U · · ·

L L U L U · · ·

U U U L U · · ·

L L L L U · · ·

U U U U U · · ·

...
...

...
...

...
. . .

is A summable to KU + (1− K)L. Thus f (L,U) = KU + (1− K)L. To complete this proof we need only to show that K = 1
2 .

Let us consider A = [am,n,k,l] and observe that

P- lim
m,n

∑
k,l

am,n,2k−1,2l−1 = K .

Thus s is A summable to K . This also assure us that the A limit of [tk,l] define as

0 1 0 1 0 · · ·
1 1 0 1 0 · · ·
0 0 0 1 0 · · ·
1 1 1 1 0 · · ·
0 0 0 0 0 · · ·
...

...
...

...
...

. . .

is characterize by

P- lim
m,n

∑
k,l

am,n,2k,2l = 1− K .

However, the A limit of [tk,l] is KU + (1− K)L = K . Thus 1− K = K , K = 1
2 . �

Observe that Theorem 3.2 indicate the difficult one faces in trying to establish this theorem for all such collection. However,
the following is a countable collection of RH-regular matrix with bounded norm.

Theorem 3.6. If Φ is a countable consistent collection with bounded norm of RH-regular matrix methods, there is a consistent
collectionΠ such that Π ⊃ Φ and every bounded double sequence is summed by at least one B ∈ Π .

Proof. Suppose Φ consistent of two matrices A1 = a1m,n,k,l and A
2
= a2m,n,k,l. Consider a bounded double sequences

[sk,l] that is not A1 summable or A2 summable. Let t1m,n and t
2
m,n be the A1 and A2 transforms of [sk,l] respectively. Let

U1 = P- lim supm,n t1m,n,U2 = P- lim supm,n t
2
m,n, L1 = P- lim infm,n t

1
m,n, and L2 = P- lim infm,n t

2
m,n. Then iterate themembers

of Υ that sums [t1m,n]with A1 called it A
+

1 . Note A
+

1 sum [sk,l] to
U1+L1
2 .
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Now choose p and q such that p+ q = 1 and pU2 + qL2 =
U1+L1
2 . Let us consider the following four dimensional matrix

D = dm,n,k,l where

dm,n,k,l =


p if |t2km,ln − U2| ≤

1
mn

k = km > m, l = ln > n

q if |t2k′m,l′n − L2| ≤
1
mn

k = k′m > m, l = l
′

n > n,

0 for (k, l) 6= (km, ln) and (k′m, l
′

n).

From the iteration of D with A2 we call the iteration A′2. Note A
′

2 sums [sk,l] to
U1+L1
2 . Now form the matrix B by using

alternately the pairwise rows of A+1 and A
′

2. Then B sums [sk,l] to the value
U1+L1
2 .

Now consider the collection Π formed of matrices made up in a similar manner for each bounded double sequences
summed by neither of the two original four dimensional matrices. This collection is consistent with A2 since in eachmember
of the collection, every other pairwise row is made up of A2 transforms and for A2 summable sequences the values of those
pairwise rows will P-converges to the A2 sum. Thus any A2 summable sequence summed by somemember ofΠ is summed
to the A2 sum. A similar argument true for A1. Themembers of A1 and A2, are consistent each each other for double sequences
not A1 or A2 summable. This is true since the transformation always sum to

U1+L1
2 . In a manner to G. Petersen for any finite

collection, A1, A2, . . . , Aλ the construction is similar. For each bounded double sequence not summable by A1, A2, . . . , Aλ,
construct the matrices A+1 and A

′

1, A
′

2, . . . , A
′

λ. The matrices. The matrix B is now constructed by alternating the rows of A
+

1
and A′2, A

′

3, . . . , A
′

λ. As before the collection is consistent.
If the infinite collection [Ak] is of bounded norm, h(Ak) ≤ M for k = 1, 2, 3, . . . , a construction is again effected of a

matrix B by alternating rows of A+1 and A
′

1, A
′

2, . . . , A
′

k, . . . . for each bounded [sk,l] not summable by Ak for k = 1, 2, 3, . . . .
In this case, the first pairwise row of A+1 is followed by the second pairwise row of A

′

2, then the second pairwise row of A
+

1
by the third pairwise row of A′2 and the third of A

′

3, the third pairwise row A
+

1 by the fourth of A
′

2, A
′

3, and A
′

4 and so on. This
collection is also consistent. �
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