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1. Introduction

The goals of this paper include the presentation and characterization of the following collection of summability matrix
methods. Let 7" denote the collection of all summability matrix methods C = ¢ ks such that C is RH-regular, C is positive
i.e. Cm.nk,1 > 0forallm, n, k, I, and for every (m, n) there are ky, and I, such that ¢y n k.1, = % and for every k and [, k = k;,
and | = I, respectively. To accomplish these goals we provide answers to the following questions. First, is there a consistent
sub-collection Z of T" which is summable for all bounded double sequences such that for every f (L, U) there is a bounded
[sk.1] with &-limy s, # f(L, U)? Second, if T is any collection of consistent summability methods for which the P-limit is
bounded for all bounded double sequence, and if the 7" limit is given by a function of the form f (L, U), is it necessary that
fL,U) = %? The proofs presented here follows the guideline set forth by Goffman and Petersen in [1,2].

2. Definitions, notations and preliminary results

Definition 2.1 (Pringsheim, [3]). A double sequence x = [x; ;] has Pringsheim limit L (denoted by P-limx = L) provided
that given € > 0 there exists N € N such that |xk,l — L| < € whenever k, | > N. We shall describe such an x more briefly as
“P-convergent”.

Definition 2.2 (Pringsheim, [3]). A double sequence x is called definite divergent, if for every (arbitrarily large) G > 0 there
exist two natural numbers n; and n, such that |xn,k] > Gforn > ny, k > ns.

The four dimensional matrix A is said to be RH-regular if it maps every bounded P-convergent sequence into a P-convergent
sequence with the same P-limit. The assumption of boundedness was made because a double sequence which is P-
convergent is not necessarily bounded. Using this definition both Robison and Hamilton, independently, presented the
following Silverman-Toeplitz type characterization of RH-regularity.
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Theorem 2.1. The four dimensional matrix A is RH-regular if and only if
RHy: P-limpy Gy on.k 1 = O for each k and [;

RH,: P—limm,n Zk,lam,n.k,l =1,

RH3: P-limpn 3"y |Gmon.it| = O for each I;

RHy: P-limp >, [am.nk 1| = O for each k;

RHs: Zk’l |am,n,k’l‘ is P-convergent; and

RHg: there exist positive numbers A and B such that ", g |Gmn 1| < A.

Definition 2.3 (Patterson, [4]). The double sequence [y] is a double subsequence of the sequence [x] provided that there
exist two increasing double index sequences {n;} and {k;} such thatif z; = Xn; k;» then y is formed by

21 Z2 Zs Z10
Z4 23 Zg —
Z9 Z3 Z7 —

Definition 2.4 (Patterson, [4]). Anumber § is called a Pringsheim limit point of the double sequence [x] provided that there
exists a subsequence [y] of [x] that has Pringsheim limit 8 : P-lim[y] = 8.

Let {xx} be a double sequence of real numbers and, for each n, let o, = sup, {x; : k, | > n}. The Pringsheim limit superior of
[x] is defined as follows:

(1) if @ = +o0 for each n, then P-lim sup[x] := +00;

(2) if ¢ < oo for some n, then P-lim sup[x] := inf,{c,}.

Similarly, let 8, = inf,{xx : k, | > n}. Then the Pringsheim limit inferior of [x] is defined as follows:

(1) if B, = —oo for each n, then P-lim inf[x] := —o0;
(2) if B > —oo for some n, then P-lim inf[x] := sup,{Bn}.

3. Main result

We will consider the following collection of RH-regular matrix methods. Let 7" denote the collection of all summability
matrix methods C = cp pn, such that
(1) Cis RH-regular
(2) Cis positive i.e. ¢y nx > Oforallm, n, k, L.

(3) For every (m, n) there are k;, and I, such that ¢y n k.1, = % and for every k and [, k = ky,, and | = I, respectively.

In
If the four dimensional matrix A = a;; 5k is applied to successive transforms tp, , = Zk,, bm.n.k.iSk1 and then t,, , =
> k1 @m.n k.1t the resulting transformation is called the iteration of A and B. Let h(A) denote the following

h(A) = ggﬂx; |-

Theorem 3.1. The collection Y is consistent.

Proof. Let [s; ;] be a bounded double sequence. Also let A € 7" and suppose [s; ;] is A summable. We will now show that A
sum [s;;] to # where L = liminf;;s;j and U = lim sup;;s; ;. Let (iy, jg) and (iy, j,) be pair of increasing index sequences
such that P-lim, g Sigjg = L and P-limy Sigj, = U.Let tmp denote the A transformation of s. Let (py, qg) and (p4, q,) be
such that k,, = ig, kqﬁ = jp, kp¢ = i4, and k% =jyfora, B,¢,andp =1,2,3,....Thus

P-limt i N L

-1m = P-lim a S, —

a.p P-4 B E ) Pasqp k. 19kl 2
(k.D#(a.Jp)

. L
(k,D#(ia,jp)

U+L
< —.
- 2
It is also clear that

IA

. U+L
P-lim iy, g, = ——.

U+L

Thus, if s is A summable then A sum s to = Thus 7 is consistent. O
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Theorem 3.2. For every bounded double sequence [si ] thereis an A € T such that [sy ] is A summable.

Proof. For every (m, n), therearec; > 0,c; > 0,andc; + ¢; = % such that

S L+U
P-lim( e +c1U+CzL> = L.
m,n 2

We define A as follows:

1
2 foralm=kandn =1,

1
1, Skt — Ul < — k=ky,>mandl=1, > n,
Am,nk,l = r{m
€. Skpty — LI < — k=kn>mandl =1, >n,
mn
0, for k, 1 m,n, kg, L.

ThusAisin 7 and [sy ] is A summable. O

Thus we have the following theorem.

Theorem 3.3. The collection T is consistent and every bounded double sequence [sy ;] is summable be at least one member of T

In a manner to that in [1] we will denote such limit by 7°- limy; sy

Theorem 3.4. For any RH-regular matrix C, there is a consistent collection of E of RH-regular summability matrix methods, all
consistent with C, which limit all bounded double sequences.

Proof. Let = consistofallB=AC,Ae Y. O

Let us look at the collection 7" define in Theorem 3.1 a little closer. Note that the collection is such that A sum [sy ] to
% where L = liminfy ;s ; and U = lim supy; s forall A € 7.

Is it the case that for every consistent collection =, which limits all bounded double sequences, there is a function f (L, U)
such that Z-limy sy ; = f(L, U). To answer this question let us consider the following corollary.

Corollary 3.1. There is a consistent collection = which sums all bounded double sequences such that for every f (L, U) there is a
bounded [si ] with &-limy si; # f(L, U).

Proof. Let C be the double Cesaro method (C, 1, 1) and consider the following double sequences

1 01 0 1

0 0 1 0 1

1 11 0 1

Ski=430 0 0 0 1

1 1 1 1 1

and

1 0 01 0 O
0 0 01 0 O
0 0 01 0 O
=11 1 1100
’ 0 0 0 0 0 O
0 0 0 0 O O

Observe that f(L, U) is the same for both [s] and [t]. However &-limy Sk # &-limyty;. O

Thus the conjecture is false.

Theorem 3.5. If 7" is any collection of consistent summability methods that sums all bounded double sequence, and if the T limit
is given by a function of the form f (L, U), then f (L, U) = L.
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Proof. Suppose 7" and f (L, U) are both define as above. Let [si ;] be define as

—_ 0O = O =
- O = OO0
—_ O = = =
- OO0 OO
—_ e e e

and suppose [sk ] is summable by A € 7 to K. Then, for every U > 0, [Us,] is A summable to KU. Since U > L then the
double sequences

U-1L 0 U-1L 0 U-1L
0 0 U-1L 0 U-1L
U-L U-L U-L 0 U-1L
0 0 0 0 U-1L
U-L U-L U-L U-L U-L

and [L] are both A summable to K(U — L) and L, respectively. This assure us that the double sequence

C=C =
S ~C =t~
C-CcCCcCc
[l el e el ]
ccCcccc

is A summable to KU + (1 — K)L. Thus f (L, U) = KU + (1 — K)L. To complete this proof we need only to show that K = %
Let us consider A = [am,n 1] and observe that

P-lim E Amn,2k—1,21-1 = K.
ST

Thus s is A summable to K. This also assure us that the A limit of [ty ] define as

O = O =0
O = O ==

0
0
0
1
0

[ P Y
oo ooo

is characterize by

P-lim E Am,n,2k,21 = 1—K.
m,n
k.l

However, the A limit of [t ;] isKU + (1 — K)L=K.Thus 1 —K =K,K = O

1
3
Observe that Theorem 3.2 indicate the difficult one faces in trying to establish this theorem for all such collection. However,
the following is a countable collection of RH-regular matrix with bounded norm.

Theorem 3.6. If @ is a countable consistent collection with bounded norm of RH-regular matrix methods, there is a consistent
collection IT such that IT O ® and every bounded double sequence is summed by at least one B € II.

Proof. Suppose @ consistent of two matrices A' = a,‘n,n‘ky, and A? = afn,nykyl. Consider a bounded double sequences
[Sk,] that is not A; summable or A, summable. Let t;,,n and t,fm be the A; and A, transforms of [si ;] respectively. Let
Uy = P-limsup,, , ty, ., Uy = P-limsup,, , t7 Ly = P-liminfy, , t} ,and L, = P-liminf, , t7 . Theniterate the members

of T that sums [t} ] with A; called it A. Note AT sum [sy ] to %
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Up+Lq
2

Now choose p and g such thatp + g = 1 and pU, + gL, =
D = dm n k) Where

. Let us consider the following four dimensional matrix

1
: 2
p if |tkm.ln_U2|§7n k=kn>ml=1I>n
d = 1
.kl q if |, —Ll<— k=K >ml=1 >n,
me'n

mn
0 for (k1) % (km L) and (K., L).

From the iteration of D with A, we call the iteration A}. Note A} sums [s] to %
alternately the pairwise rows of A1+ and A}. Then B sums [s, ] to the value %

Now consider the collection IT formed of matrices made up in a similar manner for each bounded double sequences
summed by neither of the two original four dimensional matrices. This collection is consistent with A, since in each member
of the collection, every other pairwise row is made up of A, transforms and for A, summable sequences the values of those
pairwise rows will P-converges to the A; sum. Thus any A, summable sequence summed by some member of /7 is summed
to the A, sum. A similar argument true for A;. The members of A; and A,, are consistent each each other for double sequences
not A; or A, summable. This is true since the transformation always sum to 221 In a manner to G. Petersen for any finite
collection, A1, A, ..., A, the construction is similar. For each bounded double sequence not summable by A1, A, ..., A;,
construct the matrices A7 and A}, A, ..., A}. The matrices. The matrix B is now constructed by alternating the rows of A}
and A}, Aj, ..., A. As before the collection is consistent.

If the infinite collection [A.] is of bounded norm, h(Ay) < M for k = 1, 2, 3, ..., a construction is again effected of a
matrix B by alternating rows ofAl+ and A}, A}, ..., A, ....for each bounded [si ] not summable by Ay fork =1, 2,3, ....
In this case, the first pairwise row of A is followed by the second pairwise row of A, then the second pairwise row of A}
by the third pairwise row of A} and the third of Aj, the third pairwise row A} by the fourth of A}, A}, and A} and so on. This
collection is also consistent. O

. Now form the matrix B by using

References

[1] C. Goffman, G.M. Petersen, Consistent limitation methods, Amer. Math. Soc. Proc. 7 (1956) 367-369.

[2] G.M. Petersen, Sets of consistent summation methods, J. London Math. Soc. 32 (1957) 377-379.

[3] A.Pringsheim, Zur theorie der zweifach unendlichen Zahlenfolgen, Math. Ann. 53 (1900) 289-321.

[4] R.F. Patterson, Analogues of some fundamental theorems of summability theory, Int. J. Math. Math. Sci. 23 (1) (2000) 1-9.



	Consistent classes of double summability methods
	Introduction
	Definitions, notations and preliminary results
	Main result
	References


