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1. Introduction and preliminaries

For basic definitions and notation we refer to [1,2].

Let w denote the space of all real or complex sequences x = (xi);2,. We write ¢ for the set of all finite sequences that
terminate in zeros, e = (1,1, 1,...) and e®™ for the sequence whose only non-zero term is 1 at the nth place for each
n € N, where N = {0, 1, 2, .. .}. Also, we shall write £, ¢ and cy for the sequence spaces of all bounded, convergent and
null sequences respectively. Further, by c¢s and ¢; we denote the spaces of all sequences associated with convergent and
absolutely convergent series respectively.

The B-dual of a subset X of w is defined by

XP =la=(a) € w:ax= (qx) € csforallx = (x) € X}.

LetA = (ank)ﬁf‘kzo be an infinite matrix and A, denote the sequence in the nth row of A, that is, A, = (am)io, for
every n € N. In addition, if x = (%) € w then we define the A-transform of x as the sequence Ax = (An(X))5,
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where
o0
A0 =) auxi; (nEN), (1.1)
k=0

provided the series on the right converges for each n € N.

For arbitrary subsets X and Y of w, we write (X, Y) for the class of all infinite matrices that map X into Y. Thus A € (X, Y)
if and only if A, € X# foralln € Nand Ax € Y for all x € X. Moreover, the matrix domain of an infinite matrix A in X is
defined by

Xa={xew:AxeXx}.

The theory of BK spaces is the most powerful tool in the characterization of matrix transformations between sequence
spaces.

A sequence space X is called a BK space if it is a Banach space with continuous coordinates p, : X — C (n € N), where
C denotes the complex field and p,(x) = x,, for all x = (x;) € X and everyn € N.

The sequence spaces £, ¢ and ¢y are BK spaces with the usual sup-norm given by ||x||,,, = supy |xk|, where the
supremum is taken over all k € N. Also, the space £, is a BK space with the usual £;-norm defined by ||x|,, =
Y reo 1Xkl[3, Example 1.13].

Let X be a normed space. Then, we write Sx and BX for the unit sphere and the closed unit ball in X, that is, Sy = {x €
X x|l = 1}and By = {x € X : ||x|| < 1}.1f X and Y are Banach spaces, then 8(X, Y) denotes the set of all bounded
(continuous) linear operators L : X — Y, which is a Banach space with the operator norm given by ||L|| = supyes, I|IL(x)|ly for
allL € B(X, Y).AlinearoperatorL : X — Y issaid to be compact if the domain of L is all of X and for every bounded sequence
(x,) in X, the sequence (L(x,)) has a subsequence which converges in Y. We denote the class of all compact operators in
B(X,Y)byC(X,Y).An operator L € B(X, Y) is said to be of finite rank if dim R(L) < oo, where R(L) is the range space of L.
An operator of finite rank is clearly compact.

If X D ¢ is a BK space and a = (a) € w, then we write

o0
E QX

k=0

lallx = sup
xeSx

) (1.2)

provided the expression on the right is defined and finite which is the case whenever a € X# [4, p. 381].

An infinite matrix T = (t,) is called a triangle if t,;, # 0 and t,, = 0 for all k > n (n € N). The study of matrix domains
of triangles in sequence spaces has a special importance due to the various properties which they have. For example, if X is
a BK space then Xy is also a BK space with the norm given by ||x||x, = ||Tx||x for allx € Xy [5, Lemma 2.1].

Let S and M be subsets of a metric space (X, d) and ¢ > 0. Then S is called an e-net of M in X if for every x € M there
exists s € S such that d(x, s) < ¢. Further, if the set S is finite, then the e-net S of M is called a finite e-net of M, and we say
that M has a finite e-net in X. A subset of a metric space is said to be totally bounded if it has a finite -net for every ¢ > 0.

By My, we denote the collection of all bounded subsets of a metric space (X, d). If Q € M, then the Hausdorff measure
of noncompactness of the set Q, denoted by x (Q), is defined by

x(Q) =inf{e > 0: Q has afinite e-net in X }.

The function x : Myx — [0, 00) is called the Hausdorff measure of noncompactness [4, p. 387].
The basic properties of the Hausdorff measure of noncompactness can be found in [6, Lemma 2]. For example, if Q, Q
and Q, are bounded subsets of a metric space (X, d), then we have

x(Q) = 0ifand only if Q is totally bounded,
Q1 C Qy implies x(Q1) < x(Q).

Further, if X is a normed space then the function x has some additional properties connected with the linear structure,
e.g.

X Q1 +Q2) < x(Q1) + x(Q),
x(@Q) = |a|x(Q) foralla € C.

We shall need the following known results for our investigation [7,6,3].
Lemma 1.1. Let X denote any of the spaces cg, ¢ or £.. Then, we have X# = £ and llallx = llalle, foralla € £5.

Lemma 1.2. Let X D ¢ and Y be BK spaces. Then, we have (X,Y) C B(X,Y), that is, every matrix A € (X, Y) defines an
operator Ly € B(X,Y) by Ly(x) = Ax for all x € X.
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Lemma 1.3. Let X D ¢ be a BK space and Y be any of the spaces cg, c or . If A € (X, Y), then we have

ILall = llAll x,e0c) = sUp [IAnlly < o0.
n

Lemma 1.4. Let T be a triangle. Then, we have
(a) For arbitrary subsets X andY of w,A € (X, Yr) ifandonlyif B=TA € (X, Y).
(b) Further, if X and Y are BK spaces and A € (X, Yr), then ||L4|| = ||Lg]l.

Lemma 1.5. Let Q € My, and P, : ¢¢ — ¢o (r € N) be the operator defined by P;(x) = (xo,X1,...,%,0,0,...) forall
X = (Xx) € co. Then, we have

(@ = lim (sug ha - Pr)(x)nzw) ,

where I is the identity operator on cy.

Further, we know by [3, Theorem 1.10] that every z = (z,) € ¢ has a unique representationz = ze + y .- (z, — 2)e™,
where z = lim,,_, o, Z,. Thus, we define the projectors P, : ¢ — c(r € N) by

P(z) =Ze+ ) (z—2)e™; (reN) (1.3)
n=0

forall z = (z,;) € c withz = lim,_, » z,. In this situation, the following result gives an estimate for the Hausdorff measure
of noncompactness in the BK space c.

Lemma 1.6 ([6, Theorem 5 (b)]). Let Q € M. and P, : ¢ — ¢ (r € N) be the projector onto the linear span of {e, e,
e, ..., e™}. Then, we have

1
3 lim (SUP Ia— Pr)(X)HZoo) =x@Q) = lim (Sug a— Pr)(x)||Zoo> ,

r—00 xeQ
where I is the identity operator on c.

Moreover, we have the following result concerning with the Hausdorff measure of noncompactness in the matrix
domains of triangles in normed sequence spaces.

Lemma 1.7 ([8, Theorem 2.6]). Let X be a normed sequence space, T a triangle and xr and x denote the Hausdorff measures of
noncompactness on My, and My, the collections of all bounded sets in Xr and X, respectively. Then xr(Q) = x(T(Q)) for all
Qe MXT'

The most effective way in the characterization of compact operators between the Banach spaces is by applying the
Hausdorff measure of noncompactness. This can be achieved as follows (see [3, Theorem 2.25; Corollary 2.26]).
Let X and Y be Banach spaces. Then, the Hausdorff measure of noncompactness of L, denoted by ||L]|,,, is defined by

ILIlx = x (L(5x)) (1.4)
and we have
Lis compact if and only if || ||, = 0. (1.5)

2. Difference sequence spaces of weighted means

For a sequence x = (xi), we denote the difference sequence by Ax = (xx — Xx—1). Let u = (U)o, and v = (vi) 2, be
the sequences of real numbers such that uy # 0, v, # 0 for all k € N. Recently, the difference sequence spaces of weighted
means A(u, v, A) have been introduced in [9], where A = c, ¢ and £.,. These sequence spaces are defined as the matrix
domains of the triangle W in the spaces c, cg and £, respectively. The matrix W = (wyy) is defined by

un(vp — ve1); (k< n),
Wk = | UnUn; (k=n), (2.1)
0; (k > n).

It is obvious that A(u, v, A) are BK spaces with the norm given by
IXll4 = IW(X)lloo = sup [Wn(x)]. (2.2)
n
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Throughout, for any sequence x = (x;) € w, we define the associated sequence y = (y;), which will frequently be used,
as the W-transform of x, that is y = W (x). Then, it can easily be shown that

k
Y=Y wAx, (keN) (2.3)
j=0

and hence,

k
=ZS< ‘1>; (k € N). (2.4)

Uj Uj—1

If the sequences x and y are connected by the relation (2.3), then x € A(u, v, A) if and only if y € X; furthermore if
x € A(u, v, A), then, ||x||4 = ||¥ll- In fact, since W is a triangle, the linear operator Ly, : X — Y, which maps every
sequence in X to its associated sequence in Y, is bijective and norm preserving; where X = A(u, v, A) and Y = A.

For u, = A, and vy = A, — A1 these spaces are reduced to the spaces studied in [10].

In [9, p. 4], the -, 8-, and y-duals of the spaces A(u, v, A) for A = c, ¢y and £, have been determined and some related
matrix transformations have also been characterized.

The following results will be needed in establishing our results.

Lemma 2.1. Let X denote any of the spaces co(u, v, A) or £oo (U, v, A). If a = (ay) € XP, thena = (@) € £ and the equality

o0

Do axe=)_ awk (2.5)

k=0

=~

holds for every x = (x¢) € X, wherey = W (x) is the associated sequence defined by (2.3) and

_ 11|a 1 1 s
ay = — 7k+<7_ )ZGJ 5 (kEN)
Uk | Uk Ve V1) .55

Proof. This follows immediately by [10, Theorem 5.6]. O

Lemma 2.2. Let X denote any of the spaces cy(u, v, A) or £ (u, v, A). Then, we have
(o]
lally = llalle, = ) lal < oo

foralla = (ay) € X#, where a = (@) is as in Lemma 2.1. O

Proof. Let Y be the respective one of the spaces ¢y or £, and take any a = (a;) € X?. Then, we have by Lemma 2.1 that
a = (ax) € ¢1 and the equality (2.5) holds for all sequences x = (x¢) € X andy = (yx) € Y which are connected by the
relation (2.3). Further, it follows by (2.2) that x € Sy if and only if y € Sy. Therefore, we derive from (1.2) and (2.5) that

Z QX Z Ay

k= k=

lally = sup = llally

X€ESx

= sup
yeSy

and since a € ¢4, we obtain from Lemma 1.1 that
lallx = llally = llall¢, < oo
which concludes the proof. O
Lemma 2.3. Let X be any of the spaces co(u, v, A) or £ (u, v, A), Y the respective one of the spaces ¢y or £, Z a sequence

space and A = (ay) an infinite matrix. If A € (X, Z), then A € (Y, Z) such that Ax = Ay for all sequencesx € X andy € Y
which are connected by the relation (2.3), where A = (ayy) is the associated matrix defined by

- ] al‘l(
Qne = ™ |:v,: + (— — —) Z a,,]:| (n,k e N) (2.6)

k Uk Uk+1 =kt

provided the series on the right converge for all n, k € N.

Proof. Letx € X and y € Y be connected by the relation (2.3) and suppose that A € (X, Z). Then A, € XP foralln € N.
Thus, it follows by Lemma 2.1 that A, € £; = Y# for all n € N and the equality Ax = Ay holds, hence Ay € Z. Further, we
have by (2.4) that every y € Y is the associated sequence of some x € X. Hence, we deduce that A € (Y, Z). This completes
the proof. O
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Lemma 2.4. Let X be any of the spaces co(u, v, A) or £oo(u, v, A), A = (an) an infinite matrix and A = (@) the associated
matrix. If Ais in any of the classes (X, ¢g), (X, ¢) or (X, ), then

o0
LAl = 11l x.e) = SUP (Z |ank|) < o0.
n

k=0
Proof. This is immediate by combining Lemmas 1.3 and 2.2. O

3. Compact operators on the spaces cy(u, v, A) and £, (u, v, A)

In this section, we determine the Hausdorff measures of noncompactness of certain matrix operators on the spaces
co(u, v, A) or £ (u, v, A), and apply our results to characterize some classes of compact operators on those spaces. For
the most recent work on this topic, we refer to [11,12].

We begin with the following lemma [11, Lemma 3.1] which will be used in proving our results.

Lemma 3.1. Let X denote any of the spaces cy or £. If A € (X, c), then we have
ar = lim ay exists forevery k € N,
n—-oo
a = (o) € £y,

00
sup Z |ank - akl < 00,
k=0

n

o0
lim A(x) = Y enxe forallx = (x) € X.
n—oo

k=0

Now, let A = (ay) be an infinite matrix and A = () the associated matrix defined by (2.6). Then, we have the following
result on the Hausdorff measures of noncompactness.

Theorem 3.2. Let X denote any of the spaces co(u, v, A) or £o(u, v, A). Then, we have
(a) If A € (X, cp), then

ILall; = lim sup (Z |ank|) : (3.1)

n—oo k=0

(b) If A € (X, c), then

1 N _ . N _
5 +lim sup (Z [ —ak|) < lILall, < lim sup (ank —ak|) : (3.2)
n—oo

=00\ k=0 k=0

where @y = limy,_, Gy for allk € N.
(c) If A e (X, £y), then

o0
0 < |[Lally < limsup (Z Iﬁnkl) . (3.3)
n—oo

k=0

Proof. Let us remark that the expressions in (3.1) and (3.3) exist by Lemma 2.4. Also, by combining Lemmas 2.3 and 3.1, we
deduce that the expression in (3.2) exists.
We write S = Sy, for short. Then, we obtain by (1.4) and Lemma 1.2 that

[Lall = x (AS). (3.4)
For (a), we have AS € M. Thus, it follows by applying Lemma 1.5 that

x(A5) = lim (sup 1 — ) (Al ). (35)

where P; : ¢cg — co(r € N) is the operator defined by P, (x) = (xo, X1, ..., %, 0,0,...) forallx = (x¢) € co. This yields that
|(I = Pr)(AX)|l¢,, = SUP,-, |An(x)| forallx € X and every r € N. Therefore, by using (1.1) and (1.2) and Lemma 2.2, we have
for every r € N that

sup I = P )(AX) e = sup [|Anlly = sup |Aslle, -

XE.

n>r n>r
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This and (3.5) imply that
X (AS) = lim (sup 1Aule, ) = lim sup 14y .
=0 \n>r n—o0o

Hence, we get (3.1) by (3.4).

To prove (b), we have AS € M,. Thus, we are going to apply Lemma 1.6 to get an estimate for the value of yx (AS)
in (3.4). For this, let P, : ¢ — c(r € N) be the projectors defined by (1.3). Then, we have for every r € N that
(I =P)(@) =Y o2, 1(za — Z)e™ and hence,

I =P (@) leo, = sup |zy —Z| (3.6)
n>r
forall z = (z,) € cand every r € N, where z = lim,,_, , z, and I is the identity operator on c.
Now, by using (3.4), we obtain by applying Lemma 1.6 that

1 . .
- lim (sup 10 = POA0 e, ) = lLall, < Jim (sup I = POAX)l, ). (37)
2 =00\ s r—>00\ ye§

On the other hand, it is given that X = ¢o(u, v, A) or € (u, v, A), and let Y be the respective one of the spaces cy
or €. Also, for every given x € X, lety € Y be the associated sequence defined by (2.3). Since A € (X, ¢), we have by
Lemma 2.3 that A € (Y, ¢) and Ax = Ay. Further, it follows from Lemma 3.1 that the limits a = lim,_, o dn exist for all
k,a& = (&) € £ = Y# and lim_, o0 Ap(y) = ZEQ:O oYk Consequently, we derive from (3.6) that

10 =P A le, = 1T = P)AY)les

= sup
n>r

A) =) aw

k=0

(o]
Z(ank - &k)yk

k=0

= sup
n>r

for all r € N. Moreover, since x € S = Sy if and only if y € Sy, we obtain by (1.2) and Lemma 1.1 that

Z(ank — )Yk )

n>r yeSY

sup [|(I = Pr)(AX) |l¢o, = sup (Sup
xeS k=0

= sup A, — ally

n>r

= sup [|Ay — alle,
n>r

for all r € N. Hence, from (3.7) we get (3.2).
Finally, to prove (c) we define the operators P, : £, — £~ (r € N) as in the proof of part (a) for all x = (x;) € £. Then,
we have

AS C P.(AS) + (I — P;)(AS); (r eN).
Thus, it follows by the elementary properties of the function x that

X (AS) = x (P (AS)) + x (U — Pr)(AS))
x ((I = Pr)(AS))
sup 1T =P Ao

0

1A

IA

sup [|Anlle,
n>r
for all r € N and hence,
0 < x(AS) < lim (sup A&,
=00 \n>r

lim sup [|A]le, -

n—oo

This and (3.4) together imply (3.3) and complete the proof. O
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Corollary 3.3. Let X denote any of the spaces co(u, v, A) or £ (u, v, A). Then, we have
(a) If A € (X, o), then

o0
Ly is compact if and only if lim Z laqk] | = 0.
n—o0o
k=0
(b) If A € (X, c), then
o0
Ly is compact if and only if lim Z |@n — | | =0,
n—oo
k=0

where @y = limy,_, Gy for allk € N.
(c) If A e (X, ), then

o0
Ly is compact if nan;o Zlﬁnkl =0. (3.8)
k=0

Proof. This result follows from Theorem 3.2 by using (1.5). O

It is worth mentioning that the condition in (3.8) is only a sufficient condition for the operator L4 to be compact, where
A € (X, £o) and X is any of the spaces co(u, v, A) or £, (u, v, A). More precisely, the following example will show that it is
possible for L4 to be compact while lim;,_, oo (Z,fio |Elnk|) # 0. Hence, in general, we have just ‘if’ in (3.8) of Corollary 3.3(c).

Example 3.4. Let X be any of the spaces co(u, v, A) or £, (U, v, A), and define the matrix A = (ax) by a0 = 1and a,, = 0
for k > 1(n € N). Then, we have Ax = xpe forallx = (x;) € X, hence A € (X, £o). Also, since L, is of finite rank, Ly is
compact. On the other hand, by using (2.6), it can easily be seen that A = A. Thus A, = e and so ||A, lle, = 1foralln € N.

This implies that limy_. o |Anll¢, = 1.

Finally, we have the following observation:

Corollary 3.5. For every matrix A € (Lo (U, v, A), co) or A € (£ (U, v, A), C), the operator Ly is compact.

Proof. LetA € (5 (u, v, A), o). Then, we have by Lemma 2.3 that A € (£, ¢o) which implies that lim,_, o (Zﬁio |?1nk|) =
0[9, p. 4]. This leads us with Corollary 3.3(a) to the consequence that L4 is compact. Similarly, if A € ({5 (u, v, A), ¢) then
A€ (Us, c)andsolim,_, o (Z,fio |ank — &k|) = 0, where o = lim,_, o Gy for all k. Hence, we deduce from Corollary 3.3(b)
that L, is compact. O

References

[1] J. Boos, Classical and Modern Methods in Summability, Oxford University Press, New York, 2000.
[2] A.Wilansky, Summability Through Functional Analysis, in: North-Holland Mathematics Studies, vol. 85, Elsevier Science Publishers, Amsterdam, New
York, Oxford, 1984.
[3] E. Malkowsky, V. Rakocevi¢, An introduction into the theory of sequence spaces and measures of noncompactness, Zb. Rad. Mat. Inst. SANU 9 (17)
(2000) 143-234.
[4] E. Malkowsky, V. RakoCevi¢, S. Zivkovi¢, Matrix transformations between the sequence spaces wh(A), vh(A), ch(A)(1 < p < 00) and certain BK
spaces, Appl. Math. Comput. 147 (2) (2004) 377-396.
[5] I Djolovi¢, E. Malkowsky, A note on compact operators on matrix domains, J. Math. Anal. Appl. 340 (1) (2008) 291-303.
[6] E.Malkowsky, Compact matrix operators between some BK spaces, in: M. Mursaleen (Ed.), Modern Methods of Analysis and its Applications, Anamaya
Publ., New Delhi, 2010, pp. 86-120.
[7] B.de Malafosse, V. Rakocevi¢, Applications of measure of noncompactness in operators on the spaces sq, s2, s, ¢2, ]. Math. Anal. Appl. 323 (1) (2006)
131-145.
[8] 1. Djolovi¢, Compact operators on the spaces ap(A) and af(A), J. Math. Anal. Appl. 318 (2) (2006) 658-666.
[9] H. Polat, V. Karakaya, N. Simsek, Difference sequence spaces derived by using a generalized weighted mean, Appl. Math. Lett. 24 (2011) 608614.
[10] M. Mursaleen, A.K. Noman, On some new difference sequence spaces of non-absolute type, Math. Comput. Modelling 52 (2010) 603-617.
[11] M. Mursaleen, A.K. Noman, Applications of the Hausdorff measure of noncompactness in some sequence spaces of weighted means, Comput. Math.
Appl. 60 (2010) 1245-1258.
[12] M. Mursaleen, A.K. Noman, Compactness by the Hausdorff measure of noncompactness, Nonlinear Anal. TMA 73 (2010) 2541-2557.



	Measure of noncompactness of matrix operators on some difference sequence spaces of weighted means
	Introduction and preliminaries
	Difference sequence spaces of weighted means
	Compact operators on the spaces  c0 (u, v, Δ)  and  ellinfty (u, v, Δ) 
	References


