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Abstract

In this work, we investigate the nonlinear p-defocusing Klein—Gordon equation with a general defocusing nonlinearity
f(ql® = (1 4+ |g|P~"), where p > 1, in two spatial dimensions. We use Lie symmetry analysis to systematically reduce
the equation to simpler forms, which allows us to discover invariant solutions and facilitate complex stability analysis. Using
Lie group methods, we derive several classes of reduced equations and exact travelling wave solutions. The solutions exhibit
localised solitary waves, modulated localised structures (spatially confined waves with internal oscillations), and periodic
wave trains depending on the balance between the wave speed, direction, and the nonlinearity parameter p. The stability
of these travelling wave solutions is analysed using a linear stability framework that identifies conditions under which the
solutions are stable or prone to growth and decay. Dispersion relations, phase velocities, and group velocities are derived
to characterise the wave behaviour in detail. We also study the physical implications of the solutions in plasma physics and
nonlinear wave dynamics, presenting graphical representations to illustrate their profiles and stability characteristics.

Keywords Lie groups - Klein—Gordon equation - Stability analysis - (1/G")-expansion method

1 Introduction eralisation of this equation to cases involving magnetic fields
where forces depend on velocity, deriving itindependently [1,

The classical Klein—-Gordon (or Klein—-Gordon-Fock) equa-  2]. Both Klein and Fock employed the Kaluza—Klein method

tion [3], while Gordon’s early 1926 article addressed a Compton
5 5 effect [4].

i Uy — A+ m-c u=0 (1 It is possible to search for solutions to the Klein—Gordon

c? h? (Klein—Gordon-Fock) equation (1) for a free particle, as with

any linear differential equation with constant coefficients, in

where m, c, and 7 are, respectively, the mass, the speed of L
the form of a superposition of plane waves:

light, and Planck’s constant, plays a crucial role in mathe-
matical physics. It is commonly used to describe fast-moving
particles with mass and is applicable in the study of massive
scalar fields, such as the Higgs field. Thus, the Klein—Gordon
equation for a complex scalar field serves as a relativis-

u(t,X) — el’(kX—a)t)’

yielding the relation:

tic extension of the Schrodinger equation, which describes
spinless particles. Originally, Schrédinger considered this
equation while seeking to describe de Broglie waves, but he
later formulated the well-known Schrodinger equation. This
equation was named after the physicists Oskar Klein, Walter
Gordon, and Vladimir Fock. In 1926, Fock published a gen-
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2 2.2
w

_k2+_=_
c2

A plane wave describes a pure state with a certain energy
and momentum.
On the other hand, the equation describing scalar fields

ur — Au+ f(u>)u =0, onR x R", 2)

is known as a generalised nonlinear Klein—Gordon equation.
It has special solutions of the form:
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u=v(x —ct),

where ¢ is a vector in R” with |¢|] < 1. Such solutions
can provide localised travelling wave solutions exhibit-
ing solitary-wave characteristics. The solitons associated
with equation (2) can excite the crystal beyond a thresh-
old amplitude, leading to the nucleation of a soliton lattice.
Similar phenomena can be observed in other forms of the
Klein—Gordon equation, such as the sine-Gordon and dou-
ble sine-Gordon equations (see, e.g. [5S—12] and references
therein).

Polat and Taskesen [13] studied the global existence of
solutions for the Cauchy problem of a Klein—-Gordon equa-
tion with high-energy initial data. Shatah [14, 15] established
sufficient conditions for stability in a specific case of (2)
with f(lu|*)u = (1 — |u|”)u for integer p > 1. He demon-
strated the stability of standing waves of the form § (x)ei e,
where §(x) is a least-energy steady-state solution, when
1l <p<1+44/nandn > 3, provided:

p—1
<Jc] < 1.
/4—@—4Xp—n

Here, C = ,/W is the critical frequency. An

instability result was also obtained in [15] for 1 + 4/n <
p < 14 4/(n — 2). Furthermore, Shatah and Strauss [16]
showed that F(x)e'“’ is orbitally unstable when p > 144/n,
n<4/(p—1,andc®> < I,orwhen 1 < p < 1+ 4/n,
n >3 with |c] < C.

Although these rigorous analytical results establish fun-
damental existence and stability criteria for specific power
nonlinearities, most previous studies either focus on one-
dimensional reductions or employ travelling wave ansitze
postulated without systematic justification. A complete clas-
sification of invariant solutions via Lie symmetry methods
remains largely unexplored for multidimensional Klein—Gor-
don equations with general defocusing nonlinearities |g |7,
p > 1. Such a classification would guarantee exhaustiveness
and reveal the underlying group-theoretical structure. Recent
advances have demonstrated the effectiveness of system-
atic Lie group approaches for other nonlinear wave systems
[23-28], motivating a similarly rigorous treatment of the
defocusing Klein—Gordon case.

These analytical results on existence and stability were
mainly developed in a mathematical context. To fully appre-
ciate the significance of such nonlinear wave phenomena,
we must consider their relevance in physical systems. The
nonlinear Klein—-Gordon equation with defocusing nonlin-
earity naturally emerges in various physical settings. In these
contexts, the balance between dispersion and nonlinearity
governs the formation and dynamics of wave structures.

@ Springer

In plasma physics, for instance, it models the coupling
between Langmuir and ion-acoustic waves in the well-known
Klein—Gordon—Zakharov system [6, 8]. In nonlinear optics,
it describes ultra-short pulse propagation in defocusing Kerr
media and formation of dark solitons [17]. In field the-
ory, defocusing Klein—-Gordon-type models like the ¢* and
sine-Gordon equations govern topological defects and scalar
boson configurations [18, 19]. These applications motivate
the study of exact and stable solutions of the p - defocus-
ing nonlinear Klein—Gordon equation in a multidimensional
setting.

This work presents new results on Lie symmetries, exact
solutions, and the stability of travelling wave solutions for
the p-defocusing nonlinear Klein—Gordon (dKG) equation
with f(lu|®)u = (1 + |u|?~YHu:

an —Aq+q = —|q|"'q, 3)

where x € R” with n = 2, and general defocusing nonlin-
earity |¢|P~!, p > 1[20, 21].

Significant efforts have been made to obtain explicit exact
solutions using Lie group methods [22-24]. This powerful
methodology determines the symmetries of nonlinear sys-
tems, enabling systematic reduction and derivation of exact
solutions. Its versatility has been demonstrated through appli-
cations to other nonlinear equations [23-28]. The present
work addresses this gap by providing a complete Lie sym-
metry classification of equation (3). We derive all admitted
point symmetries systematically rather than postulating them
a priori. This approach extends previous one-dimensional
analyses to two spatial dimensions and connects symmetry
structure to physically observable wave regimes.

In this study, we perform a Lie group analysis and obtain
several classes of symmetry reductions. We find exact trav-
elling wave solutions and analyse their stability for equation
(3). We also discuss the physical interpretation of the solu-
tions using graphs based on the results of the stability
analysis. Notably, we study the stability of solutions of the
travelling wave type, i.e. the stability of wave shape and prop-
agation. The central goal of this study is to analyse Lie groups
and explore the resulting solutions for the invariant equation
using wave transformations. Specific cases of the nonlinear
Klein—Gordon equation related to the Schrodinger equation
are considered, with solutions in various forms of travelling
waves.

These waves are characterised by their ability to trans-
fer energy. Their intensity characteristics are represented by
the square of the wave function’s amplitude, simulating the
phenomenon of nonlinear dispersion [29].

Consequently, we investigate explicit solutions of the two-
dimensional Klein—-Gordon equation (3) relevant to plasma
physics. The article is structured as follows: In Sect. 2, we
employ Lie symmetry analysis for symmetry reductions of
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the equation. In Sect. 3, we obtain travelling wave solutions
using the conventional (1/G’)-expansion method. In Sect. 4,
we analyse the stability of these travelling wave solutions.
In Sect. 5, we illustrate the solution dynamics with 2D and
contour plots for suitable parameter values.

2 Lie symmetry method

2.1 Lie symmetry analysis for partial differential
equations

Lie symmetry analysis is among the most powerful meth-
ods for finding solutions and investigating the symmetry
properties of differential equations. This approach, devel-
oped by Sophus Lie over a century ago, was further studied
by Ovsyannikov, Ibragimov, Olver, and other prominent
researchers [30-32]. The method provides a systematic
approach to constructing invariant equations by reducing the
dimensionality of the differential equation. Many researchers
have explored symmetry groups in numerous papers and
books [22, 33, 34].

In this section, we present a general overview of Lie sym-
metry analysis for partial differential equations (PDEs) of the
form:

F(t,x,y,u,v,uz, vt, Uy, Uy, Ux, Uy, Uxx, Uyy, Uxx, Vyy) = 0.

“

A one-parameter Lie symmetry transformation, which acts
on the space of three independent variables (¢, x, y) and two
dependent variables u and v, is defined as follows:

f=t+et(t,x,y,u,v)+ 0(e?),
x +e&1(t,x,y,u,v) + 0(82),

_)E =

§=y+eba(t,x,y,u,v) + 0(e?), )
u=u-+en,x,yu,v)+ 0(82),

b=v+en, x,y, uv)+ 0>,

where ¢ > 0 is an infinitesimal group parameter. The corre-
sponding infinitesimal generator, associated with the above
transformation, is given by:

0 0
XZSI(Z‘,X,Y’”» U)_+EZ(I,X,)’,M, U)_
ax dy
0
tv s Vo Uy . (6)
+t(t,x,y,u U)Bt
0 0
+m@, x,y,u,v)— +n,x,y,u,v)—.
ou ov

According to the infinitesimal transformation (5), the
second-order prolongation pr?X of the generator X for the

PDE (4) takes the form:

pVZX =X + 772 aut + néav, + nlitaurt + ntztav” + n)lc 8”x
+ 1) O, + 13 0u, + 150, + 07 Oy,
+ ni}ya + T’)ZCX Uxx + n%}ya

Uyy Uyy?

(N
where the coefficients n are defined as:

M = Dy — ux D& — uyDy&r — u, Dy,

ny = Dy — vxDi&1 — vy Diy — v, Dy,

' = Dy — ure D1 — ury Dy — uy Dy,
0y = Diny — vy Dy&1 — viy Dy&a — vy Dy,

nf = Dy — uxDy& — uyDy&r — uy Dy,
M = Dyny — vy Dy&1 — vy D& — v Dy,

M = Dyn — uy Dy —uyDyE — u; Dy,

My = Dym — vxDy&1 — vy Dy& — v Dy,
" = Dny — uxxDy&1 — uxyDx&r — uy Dy,
My = Dy — vxx Dy§1 — Vxy Dy&r — vy Dy T,

yy X
n” = Dyni —uyxDy&y — uyyDyEr —uy Dy,

yy
My = Dyny — vyx Dy — vyyDyésr — vy Dy,

with the total derivative D; defined as:

I N N B
4, 0 8 B3 8
P ey T g T gy,

TP
uaui uavi

2.2 Lie group analysis of the p-defocusing
Klein—-Gordon equation

We begin by representing the complex-valued solution of the
equation (3) in terms of its real and imaginary parts,

q(t,x,y) =u(t,x,y) +iv(, x,y),

where u and v are real-valued functions. Substitution into
the equation (3) and separation of real and imaginary parts
yields the coupled system:

—1
v(l +?+ vz)pT) + Vi — Uy — Vyy =0,
3
-1
u(l + (u2 + vz)pT) Uy — Uy —uyy =0,

which will be the object of the subsequent Lie symmetry
analysis.

@ Springer
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2.2.1 Infinitesimal transformations and prolongation

We consider a one-parameter Lie group of point transforma-
tions (5) generated infinitesimally by the vector field (6).

Since system (8) involves second-order derivatives, we
require the second prolongation pr’X, given by (7) where
the extended infinitesimals are computed using the standard
prolongation formulas (see, e.g. [31]).

2.2.2 Invariance condition and determining equations

System (8) is invariant under the transformation generated
by X if and only if

PEX(FD)| g pg =0, i=12,
where

p—1
Fr=v(1+ 0+ ) + v — v = vy,

—1
F, = u(l + (u2 + vz)pT) + Uy — Uy — Uyy.

For brevity, we introduce R = u>+v>. Applying pr>X and
eliminating second-order derivatives using system (8), we
obtain a polynomial expression in the independent deriva-
tives and powers of u# and v after collecting terms. Setting
the coefficients of all functionally independent terms to zero
yields an overdetermined system of linear partial differential
equations for the infinitesimals, known as the determining
equations.

2.2.3 Restriction to point and geometric symmetries

We restrict attention to point symmetries,

E1=8&0(,x,y), L=&6Cxy), T=1(x,Y),

m=mn, x,y,uv), n=mnmnx,yuuv),

which is physically justified by the homogeneous structure

of the Klein—Gordon equation.

2.2.4 Solution of the determining equations

Solving the determining equations yields the following
results.

Independent variables. From the coefficients of the second-
order derivatives,
=0, §x=0,

&y=0, & y+&x=0.

@ Springer

Table 1 Commutation relations of the Lie algebra

X1 X2 X3 X4 Xs X6 X7
X4 0 0 0 —Xo X3 0 0
X> 0 0 X1 0 X3 0
X3 0 0 X1 X7 0
X4 0 X6 —X5 0
Xs 0 —X4 0
X6 0 0
X7 0

These equations imply

T = ¢5X + ¢y + ¢3,
&1 = o5t + ey +ci,
& = cet — c4x + 2,

where c1, ..., cg are arbitrary constants.

Dependent variables. The determining equations for 7 and
12 admit the solution

n = c7v, n = —c7u,
which corresponds to invariance under global phase rotations
g e%.

All remaining determining equations are identically sat-
isfied.

2.2.5 Basis of infinitesimal generators

The Lie algebra of point symmetries of system (8) is spanned
by the seven generators

X1 = 0y, X = 0y, X3 =0,
X4 = yoy — x0y,

X5 =x0; +1dy, X¢=yo +10y,

X7 =v9, — uody.

These generators correspond, respectively, to translations in
space and time, rotations in the (x, y)-plane, Galilean boosts,
and global phase rotations.

These symmetry operators form a Lie algebra, and com-
mutation relations [X;, X;] = X;X; — X;X;, (i,] =
1,...,7) define the Lie algebra structure summarised in the
next table:

The commutation relations in Table 1 give the following:

e X1, X5, and X3 generate an abelian translation subalge-
bra;
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e X4 generates spatial rotations and does not commute with
X and X>;

e X5 and Xg represent Galilean boosts;

e X7 generates the U (1) phase symmetry intrinsic to the
complex formulation.

This completes the classification of Lie point symmetries
admitted by the p-defocusing Klein—Gordon equation.
We have identified all point symmetries through a systematic
analysis of the determining equations. The absence of addi-
tional dynamical symmetries can be verified by considering
the structure of the nonlinearity |¢|”~'q.

2.3 Symmetry reductions and invariant solutions

Having determined the Lie point symmetry generators
X1, ..., X7inthe previous section, we now demonstrate how
these symmetries lead systematically to symmetry reduc-
tions and invariant solutions of the governing system. In
contrast to ad hoc ansatz-based approaches, the Lie symme-
try method guarantees that the reduced equations inherit the
invariance properties of the original system. This provides a
mathematically consistent and exhaustive framework for the
construction of exact and physically meaningful solutions.

Let X1, ..., X7 be the Lie point symmetries obtained in
Sect. 2.2. A fundamental consequence of Lie invariance is the
possibility of reducing the number of independent variables
and constructing exact invariant solutions.

A solution

q(t, x,y) =u(t,x,y) +iv(t,x,y)

is said to be invariant under a symmetry generator
X = §10x + 620y + 10 + 110y + 1m0y

if it satisfies the invariance conditions

X[u]l =0, X[v] =0.

Invariant solutions are obtained by solving the character-
istic (Lagrange—Charpit) system

dt  dx _

dy du dv
L m  om

T &1

whose integrals determine the invariant variables and the
functional form of the solution. Substitution into the original
system then yields a reduced equation of lower dimension.
Solving this system yields the invariants of X and thus deter-
mines the symmetry-reduced variables.

Case 1: Translation Symmetries X| and X.

We consider the one-parameter family of translation gen-
erators
X = X1+ ki Xy =0y +k10y, ki € R.

The characteristic equations reduce to
—_— = dt =du =dv =0,

which yield the invariant variable
z=x+kyy.

Accordingly, invariant solutions take the form
u(t,x,y) =U(,2), v(t,x,y) =V(,2).
Under this transformation, the Laplacian becomes

A=1+kDHo,,

and system (8) reduces to

V(l U+ VZ)”T_I) + Vi — (1 +kHV, =0,
) ©)
U(l LU+ vz)pTl) + Uy — (1 + kDU, = 0.

Case 2: Galilean-Type Symmetry Xs + ky X¢.
We next consider the Galilean combination
X = X5+ ky X, ky € R.

Solving the characteristic equations yields the quadratic
invariant ¢, given by

¢ = +k)% — (x +kay)?,
and invariant solutions of the form
u(t,x,y)=Ww(e), v, x,y)=S5).

Substitution into system (8) leads to the reduced system
of ordinary differential equations

S(1+ W24+ 89T ) + 40+ K)(S' + 57 =0,
W(1+ W24+ 82 ) +40 +B)W + W) =0.

Case 3: Rotational Symmetry X 4.
Consider the rotational generator

X4 = yoy — x0y.

@ Springer



161  Page6of 17

G. Iskenderoglu, D. Kaya

The characteristic equations imply the invariant
¢ =x2 457

while ¢ remains an independent variable. Hence, invariant
solutions are of the form:

u(t,x,y) =0, &), v, x,y)=R(7).
Using
A =40; +4¢0;¢,
system (8) reduces to
R(1+(Q2+ RY)'T ) + Ry — 4Ry — 4¢Ryg =0,

o(1+@*+ Rz)”%) + Qu — 40 —4¢ 0 =0.

Case 4: Phase Rotation Symmetry X7.
The generator

X7 =v0, —udy

corresponds to global phase invariance. The characteristic
equations yield the invariant

u2 + v2 = const.

Restricting to invariant solution subspaces associated with
the phase symmetry, we impose

u = +v,

which reduces system (8) to the scalar equation
el
u,t—uxx—uyy+u(1+22u ):O.
Case 5: Travelling wave reductions via combined symme-
tries X1 + k1 Xo + cX3.
Travelling wave solutions arise from the combined sym-
metry

X =X +kiXy+cXz,

where c is the wave speed. The characteristic equations yield
the invariant variable

v=ct+x+ky.
Invariant solutions take the form

u=U(®), v=V().

@ Springer

Substitution into system (8) leads to

VI+ @4V )+ (@ - 1=KV =0,

U(1+ @2+ V)T ) + (@ = 1= kU =0.

Exploiting the internal phase symmetry of the system, we
restrict ourselves to invariant solution subspaces defined by
U==V.

(=1 =kHV" 4V 4207D2yr =g (10)

The reductions presented above demonstrate that all
invariant variables and reduced equations arise as direct con-
sequences of the Lie symmetry structure of the p-defocusing
Klein—Gordon equation.

The Lie group method, therefore, provides a systematic
and complete framework for constructing exact solutions,
rather than relying on ad hoc ansitze.

Next, we will attempt to solve certain specific forms of
the system (3).

3 Exact solutions of the p-defocusing
Klein-Gordon equation

In this section, we study the travelling wave solutions to the
p-defocusing Klein—Gordon equation (3). We employ the
classical method of separation of variables [35] as well as
the (1/G’)-expansion method [29, 39].

For instance, by combining the symmetry operators X
and X,, we derive a new system (9), which can be reduced
to an ordinary differential equation by applying the travel-
ling wave transformation ct + z. This transformation leads
to travelling wave solutions, which play an important role in
fibre optics and wave propagation theory. There are various
robust and efficient methods for finding solutions to non-
linear partial differential equations in the form of travelling
waves, such as the generalised Kudryashov method [36], the
Exp-function method [37, 38], and the homogeneous bal-
ance method, among others. In this study, we utilise the
(1/G")-expansion method [29, 39]. Additionally, we apply
the method of separation of variables by decomposing the
equation into temporal and spatial components.

3.1 Analysis of the (1/G’)-expansion method

In this section, we present the main steps of the (1/G’)-
expansion method for finding travelling wave solutions for a
system of nonlinear partial differential equations (PDEs).
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Consider the following nonlinear system of evolution
equations:
O(w, v, wy, vy, Wy, Uy, Wy, Vy, Wy, Vg, ...) =0, (1D)
where Q is a polynomial in w(¢, x, y), v(t, x, y) and their
partial derivatives, which includes the highest-order deriva-
tives and nonlinear terms. Under the travelling wave trans-
formation w(t, x,y) = W), v(t,x,y) = V(v), where
v = ct + x + k1, the above equation can be reduced to the

following system of nonlinear ordinary differential equations
(ODEs):

PW,V,W. V. W' V' . .)=0, (12)
where P is a polynomial in W (v), V (v), and their derivatives
with respect to v.

We assume that the solution of equation (12) can be
expressed as a polynomial in 1/G’(v) as follows:

~2o (o)

13)

M

1
W) = a-( ; >,
,;j G'(v)

where M is the homogeneous balance number determined by
the highest-order derivatives and nonlinear terms. The func-
tion G(v) satisfies the following second-order linear ODE:

G"(v) +AG'(v) +u =0, (14)
whereajandb; (j = 1,2, ..., M), along with the constants
A and p, are real numbers that will be determined later. The
solution to the ODE (14) is given by:

G(v) = _MTU +SeM 4T,

where S and T are integration constants. Thus, &5 can be

expressed as:

(V)

1 A
G'(v) —m + AS cosh(Av)

— ASsinh(Av)

By substituting equation (13) into equation (12) and using
equation (14), we obtain a polynomial in terms of 1/G’(v).
By collecting all terms with powers of 1/G’(v) and setting
the coefficients of each power to zero, we derive a system of
algebraic equations. Solving this system yields the unknown

coefficients a; and b; (j = 1,2,..., M), as well as the
constants A and p, which allows us to construct the exact
solutions to equation (11).

3.2 Applying the (1/G’)-expansion method to obtain
exact solutions

In this section, we apply the (1/G’)-expansion method to
derive solutions for the system (10). We will consider the
cases when p = 2 and p = 3. When p = 2, equation (10)
simplifies to:

=1V +V +2:V2=0

Following the steps of the (1/G’)-expansion method, we

define the homogeneous balance number as M = 2. This
leads to the following algebraic system:

0
(G’l( )) :ﬁa§+a0 =0,

G’(v)) alc z—alk%)uz—aﬂ»z—i—Zﬁaoa]—i—a] =0,

—4a2A2—3a1AM+«[al +2+2apay + ap =0,

) 10a2c2Au +2alc M — lOazkz)Lp,

4a2c2A2 + 3a162ku 4a2k2A — 3a1k2A;L
G’(v)
(G’( )
—2a1k],u — 10a2ip — 2a1 > + 28/2a1ar = 0,

) 6a2c u —6a2k1u, —6a2,u +fa2:0

By solving this system, we obtain the coefficients ay, ai,
and ap, as well as the parameters A and w. The solutions
can be written as: Substituting the obtained coefficients with
upper and lower signs into the equation (13) and taking into
account the expression é , we have, respectively, the follow-
ing solutions:

6(?2)1. _ 6k%u_ _ 61
ap = ~L a = N \/L-Z\;f%—l N
2’ 2 ’
ar = —=32u%(* - k% -1, A=-— 1

Substituting these coefficients into the solution form (13),
taking into account the expression é, we have, respectively,
the following solutions:

@ Springer
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66’2# 6k|211~

(o7

\/—62+k%+1 a \/—c2+k$+1 a \/—cz+k12+l

+ cosh ct+x—+k1y

q(t, x,y) =
ﬁ (Cl (sinh ct+x+kiy

—c2 4k +1

3V2u? (02 — k]2 — 1)

+uy/ =2+ K+ 1
V=41

ct+x+kyy

C; | sinh “¢2HKY 4 cogh
—c2+k3+1

2
e L TN ey & T |
‘/—c2+k,2+1> # ! )

(144).

W2 =k = 1)

qt,x,y)=|— 2
Cl sinh ct+x+k1y + cosh ct+x+k1y
Je—k-1 Je—k-1
a
4 ! (1+4). (15)
C; sinh (%) +uyfc2 =k —1
ce—ki—1
On the other hand, we have the next case:
6c2 1L . 6k _ ou
\/—cz+k12+l \/—cz+k|2+l \/—cz+k12+l
ap=0,a1 = ,
V2
2( 2 2 1
a2=—3\/§u (c — ki — 1),1:——
Jo k41
which gives
A ke ©

\/cz—klz—l \/cz—kf—l \/cz—k%—l

The resulting solutions are travelling wavefront with
1 —i—k% is the wave number, ¢ is the wave speed, and
c/y/1 +k% is the phase velocity of the travelling wave,
respectively, and singular solutions that will be discussed
in the following sections.

Now let’s consider the case p = 3. Here the equation (10)
takes a form:
(P =1-kHV'+V+2vi=0

We define the homogeneous balance number as M = 1,
leading to the following algebraic system:

1 0 .
cw)

1
<G+M) cap(—c2A? + k%)»z +22) — 6a§a1 —a; =0,

1 2 .
Tw) -

3
(G+M) s =2aictu’ + 2(11k%,u,2 +2a1pu? — Za? =0.

The solution for this system yields:

2a(3) +ag =0,

—3ajciaun + 3a1k%)»u + 3a1ip + 6a0a% =0,

2
Au kip “

i .
ag=—-=, ay=-i - - ,
V2 <\/c2k121 N \/c2k%1>
=2

The resulting solution to the equation (3) for p = 3 is:

(i£1) (16)

L
V2

q3(t, x,y) =

Je—ki-1 Je—k-1

M‘/cz—k]z—l
V2
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When p # 2and p # 3 the homogeneous balance number
is defined as M = %, which will not be an integer. This
situation leads to more complex cases.

We verified the correctness of solutions (15) and (16)
by direct substitution into the original equation (3). The
algebraic computations were performed using Wolfram
Mathematica 13, confirming that both solutions satisfy the
p-defocusing Klein—Gordon equation identically for the
obtained parameter relations.

Having obtained exact solutions for the cases p = 2 and
p = 3, we now turn to analysing their stability properties
through linear perturbation theory.

4 Linear stability analysis of uniform
background states

Before analysing the stability of the travelling wave solutions
obtained in Sect. 3, we first examine the simpler problem of
linear stability of spatially uniform (constant) background
states. This preliminary analysis establishes the baseline dis-
persion relation and identifies parameter regimes where the
uniform state is susceptible to instabilities.

We consider small perturbations around a spatially uni-
form background solution g(z,x,y) = Cp = -const.
Note that for equation (3), uniform states satisfy Co(1 +
|Co|P~1) = 0, which yields either Cy = 0 or |Co|?~! = —1.
For real Cp and p > 1, only Cp = 0 is admissible; however,
complex uniform states exist (e.g. Co = =i /+/3 for p = 3).

The stability of such uniform states is examined by con-
sidering perturbed solutions of the form

qt,x,y)=Co+oW(t, x,y), (17

where 0 < 1 is a small parameter.

Substituting (17) into equation (3), expanding to first order
in o, and noting that Cy satisfies Co(1 + |Co|?~!) = 0, we
obtain the linearised equation for the perturbation:

Wit = Wer — Wyy + W(L 4 pCl ™ = 0. (18)

This is a linear constant-coefficient PDE. We seek plane wave
solutions of the form

W(t, X, y) — ei(k(x+y)—mt)’ or W(t, X, y) — eik(x—&-y)—gl’
(19)

where k is the wave number, m is the frequency of perturba-
tion, m /k is the wave’s phase velocity, and o, depending on
its sign, indicates the growth or decay of the perturbation. The
first form describes oscillatory behaviour, while the second
form is used to study exponential growth or decay. A negative
real part of o corresponds to damping, a positive real part to

growth, and Re(p) = 0 to marginal (neutral) stability, where
perturbations oscillate with constant amplitude.

Substituting into the linearised equation yields the disper-
sion relation:

m = :i:\/2k2 +14pct . (20)

This characterises the evolution of linear perturbations super-
imposed on the uniform background Cy.

For the case 2k> 4+ 1 + pC(’;_1 > 0, the frequency m is
real for all real k, implying that perturbations oscillate with-
out exponential growth or decay—a signature of marginal
stability characteristic of conservative Hamiltonian systems.
In this regime, the uniform state Cy is linearly stable against
small perturbations, although nonlinear effects (not captured
by this analysis) may lead to long-term instabilities.

However, if 2k> 4+ 1 + pCéF1 < 0 for some range of
k, then m becomes imaginary, indicating that o acquires a
nonzero real part and perturbations grow exponentially—the
uniform state is unstable.

From the dispersion relation, we obtain the phase velocity

m \/2k2 +1+pcl™
— == , (21)
k k

which gives the velocity of wave fronts, and the group veloc-
ity

dm 2k
— ==
d

= , (22)
Kol

which gives the velocity of wave packets.
The growth rate is given by

0= i\/—2k2 -1- pc(’)"1 = ii\/2k2 +1+ pcé"l.
(23)

When €27 > =020 4 is purely imagi d-
0 5> C 1s purely imaginary, correspon
ing to oscillatory (non-growing) perturbations—marginal
stability. Conversely, if C{; o %2"2) for some k, o
acquires a nonzero real part, leading to exponential insta-

bility.

For the specific case p = 3, the stability condition
becomes Cg > w

Case 1: Real uniform background (Cy € R).

Since Cé > (0 and w < 0 for all k, the condi-
tion is always satisfied. Thus, any real uniform background
is marginally stable—small perturbations oscillate without
growth.

Case 2: Complex uniform background (Cy = ia, a €
R).

@ Springer



161 Page 100f 17

G. Iskenderoglu, D. Kaya

A

-2L

Fig.1 Stability diagram for the uniform background state Cy = +i/+/3

with p = 3. The curves m = ﬂ:,/Zk2 + 1+ 3C5 separate parameter
space into regions of different behaviour. Region A (shaded): Real m,
corresponding to oscillatory perturbations (marginally stable uniform
background). Region B (unshaded): Imaginary m, corresponding to
exponential growth/decay (unstable uniform background). Note: This
diagram characterises perturbations around a uniform state, not the sta-
bility of the localised travelling waves derived in Sect. 3

Here Cg = —a? < 0. The stability condition becomes:

—(1 + 2k? 1+ 2k2
—a2>L =4 a2<+—.

3 3 (24)

Thus, the uniform state Co = ia is:

e Stable (marginally) if a < /25 for all k (oscillatory
perturbations),
e Unstableifa > #for some k (exponential growth).

Figure 1 illustrates the stability regions in the (k, m)-plane
for the specific choice Co = j:%, which lies at the marginal
stability boundary for k = 0.

The linear stability analysis presented above applies
strictly to spatially uniform background states Cy = const.
It identifies parameter regimes where such uniform states are
susceptible to modulational instabilities, which can seed the
formation of localised structures.

However, this analysis does not directly address the sta-
bility of the localised travelling wave solutions q1, g2, and
@3 obtained in Sect. 3 via the (1/G’)-expansion method. The
stability of such nontrivial coherent structures requires a dif-
ferent approach, typically involving:

e Linearisation around the moving wave profile in a co-
moving frame,

e Spectral analysis of the resulting linear operator with non-
constant coefficients,

e Numerical computation of eigenvalues/eigenfunctions.

@ Springer

Such analysis lies beyond the scope of the present work.
Nevertheless, the qualitative features observed in Sect. 5
(localisation for > k12 + 1, oscillatory structure for
< k12 + 1) are consistent with the parameter-dependent
behaviour suggested by the dispersion relation.

In the following section, we present detailed graphical
visualisations of the travelling wave solutions and discuss
their physical interpretation.

5 Discussion of results and graphics
5.1 Mathematical structure of the solutions

The wave function, in which physical properties such as
phase, potential, and group velocity make sense, can be
assumed in the form of travelling wave solutions to nonlinear
partial differential equations. Before examining the graphi-
cal results, we must understand the mathematical structure
underlying our solutions.

The travelling wave solutions ¢q1 (¢, x, y) and g2 (¢, x, y),
given by equation (15), as well as ¢3(t, x, y) from equation
(16), can be written in the form

q(t, x,y) = A(t,x,y) - €?,

where A(¢, x, y) is areal-valued amplitude function expressed
in terms of superpositions of hyperbolic functions sinh and
cosh, and ¢'? represents a constant phase factor. Specifically:

) 1+ )
For solutions g; and ¢5:  €'? = = etin/4 (phase
q q \/5 p
+45°)
For solution ¢3: ¢/ = il e/ ET/447/2) (phase
V2
+45° 4 90°)

This structure immediately implies that the real and imag-
inary parts are related, by
Re(g) = A(t, x, y)cos ¢, Im(q) = A(t, x, y)sin .

Since |cos ¢| = | sing| = 1/\/5 for all our solutions, we
obtain the key observation:

|A(, x, y)
—5

In other words, the real and imaginary parts have identical
spatial profiles—they differ only by a constant phase factor.
This is not coincidental; it follows directly from the phase
symmetry X7 identified in Sect. 2.2, which allows arbitrary
rotation in the complex plane.

The constant phase factor carries important physical
meaning in different contexts. In plasma physics, the phase
difference between real and imaginary parts corresponds to

IRe(g)| = [Im(q)| =



The Lie group approach for the p-defocusing Klein-Gordon equation

Page110f17 161

the phase relationship between electric field oscillations and
charge density fluctuations in Langmuir waves. In nonlinear
optics, it represents the carrier-envelope phase (CEP) of ultra-
short optical pulses—a quantity that becomes crucial when
pulse durations approach a few optical cycles. In quantum
field theory, this phase encodes the global U(1) gauge degree
of freedom of the complex scalar field.

Since equation (3) is invariant under global phase rotations
g — ¢'%¢ (the symmetry X7), solutions differing only by a
constant phase factor are physically equivalent. This means
that the modulus |g| captures all the physically meaning-
ful information about energy density and intensity. However,
presenting both real and imaginary parts serves important
purposes: It verifies the expected structure ¢ = A - ¢/ with
constant ¢, provides pedagogical clarity for readers unfamil-
iar with complex field solutions, and establishes a baseline
for comparison with more general initial conditions where
real and imaginary parts may differ in profile.

5.2 Solution regimes and physical behaviour

For p = 2, we found two solutions g1 (¢, x, y) and g2 (¢, x, y),
which have the form of superpositions of hyperbolic func-
tions sinh and cosh. These functions describe the behaviour
of the wave depending on the speed ¢, propagation direction
k1, and frequency w. The solution g (¢, x, ¥) can describe a
localised soliton-like wave that moves with a constant speed
c. The behaviour depends on the ratio ¢ — k% — 1, which
determines the type of the solution.

Regime I: Solitary wave (localised) regime

If ¢ > k12 + 1, the hyperbolic functions have a real argu-
ment, and the solution remains localised. The amplitude |¢|
decays exponentially away from the wave centre according
to

const 1

lg(t, x,y)| ~ ——, where 0 = ———
NEmrre

elvl/e’
creating a localized wave packet. These are solitary travelling
wavefront solutions (see Figs. 2, 3 and 5).

The critical threshold ¢? = kf + 1 separating the
solitary-wave and oscillatory regimes has a clear physi-
cal interpretation. In nonlinear optics, it corresponds to the
critical propagation velocity for self-trapping—below this
threshold, dispersion dominates and the wave fragments
into periodic structures. In plasma physics, this threshold
is related to the phase velocity of Langmuir waves; when
the wave velocity exceeds the critical value, nonlinearity can
balance dispersion to form stable envelope solitons.

e R,

In plasma physics, such profiles describe envelope solitons—

self-trapped Langmuir wave packets that propagate without
spreading, as observed in the Klein-Gordon—Zakharov sys-
tem [6, 8]. In nonlinear optics, these correspond to localised

envelope structures in defocusing Kerr media, which mani-
fest as stable intensity dips on a continuous wave background
[17]. From a field theory perspective, they represent solitary
scalar field configurations that, while resembling kinks, lack
topological charge.

The parameter regime ¢ > k% + 1 is consistent with the
formation of localised structures. In this regime, the solutions
exhibit exponential decay, ensuring finite energy:

E= / lq12dxdy < oco.

Regime II: Oscillatory (wave train) regime

If ¢ < k% + 1, the argument of the hyperbolic functions
becomes imaginary, which can lead to an oscillating solution
(see Figs. 4 and 6). The hyperbolic functions transform into
trigonometric functions via the standard identities
sinh(iBv) = i sin(Bv), cosh(ifv) = cos(Bv),
where f = 1 /,/kl2 +1—¢% € R. The amplitude conse-
quently oscillates periodically in space:

lg(t, x,y)| ~ |cos(Bv) + phase shifts]|.

These periodic structures have rich physical interpreta-
tions. In plasma physics, they represent modulated wave
trains with spatial periodicity £ = 2w /8, which are rele-
vant to understanding quasi-periodic plasma oscillations and
energy cascades in turbulent regimes. In nonlinear optics,
such patterns arise as periodic intensity modulations in pla-
nar waveguides or photonic crystals, where the periodicity ¢
is related to the detuning from the critical propagation veloc-
ity.

Regime II: Oscillatory (wave train) regime

If ¢> < k? + 1, the argument of the hyperbolic functions
becomes imaginary, which can lead to an oscillating solution
(see Figs. 4 and 6).

The nature of oscillatory solutions depends critically on
the nonlinearity parameter p:

e For p = 2: The hyperbolic functions transform into
trigonometric functions via the standard identities
sinh(i Bv) = i sin(Bv), cosh(iBv) = cos(Bv),

where 8 = 1/,/k% + 1 —¢% € R. This yields a periodic

wave train extending throughout space—a sequence of
waves with spatial periodicity £ = 27 /.

For p = 3: The complex-valued parameter A has both

real and imaginary parts, leading to a fundamentally dif-

ferent structure: a modulated localised wave (also termed
a spatially localised oscillatory structure). The real part
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Fig.2 3D plots of the real and
imaginary parts of the solitary
travelling wavefront solution
(15). Both parts exhibit identical
spatial profiles, differing only by
the constant phase scaling factor
1/ V2 (see Sect. 5). Parameters:
ki=1Lu=05c¢c¢=3,C =1,
ap=1l,andy =1

(a) Real part of the solitary wavefront solu-

tion.

le6

0.0

Amplitude

-4 -2 0 2 4
x

Fig.3 The cross-section of the solution

of A produces exponential localisation (an envelope that
decays away from the centre), while the imaginary part
generates rapid oscillations within this envelope. The
result is a single localised wave packet with internal oscil-
latory structure, rather than an extended periodic pattern.

These periodic structures (for p = 2) and spatially modu-
lated localised wave structures (for p = 3) have rich physical
interpretations:

Periodic wave trains (p = 2): In plasma physics,
these represent modulated Langmuir oscillations extending
throughout space. In nonlinear optics, they correspond to
periodic intensity patterns in photonic crystals or planar
waveguides. The spatial periodicity £ = 2 /B characterises
the wavelength of these extended structures.

Modulated localised waves (p = 3): These spatially
confined oscillatory structures have distinct significance. In
plasma physics, they describe self-trapped wave packets with
internal modulation while remaining spatially localised—
observed in beam—plasma interactions [6, 8]. In nonlinear
optics, they represent spatially modulated envelope struc-
tures in defocusing media [17], distinct from temporally
pulsating spatially modulated localised waves. In field theory,

@ Springer

(b) Imaginary part of the solitary wavefront
solution.

they correspond to oscillon-like configurations or standing-
wave envelopes. Unlike the extended wave trains of p =
2, these modulated localised waves possess finite energy
and combine soliton-like exponential decay with internal
periodic oscillations—a signature of higher-order nonlin-
ear effects. The transition from wave trains to modulated
localised structures as p increases illustrates how stronger
nonlinearities enhance localisation mechanisms while per-
mitting complex internal spatial dynamics.

5.3 Visualisation strategy

Guided by this structure, we adopt a visualisation strategy
that emphasises physical transparency while addressing the
complex nature of the solutions. The modulus |g (¢, x, y)| is
presented as the primary quantity, as it is phase-independent
and directly related to observable physical measures. For
completeness, the real and imaginary parts are also shown
separately. Although their profiles coincide in the present
case, displaying both components confirms the constant
phase structure and provides a useful reference for more gen-
eral solutions in which the phase may vary spatially.

5.4 Graphical results of solution for p =2

We now present detailed graphical analysis of solution (15),
examining representative cases from both parameter regimes.

Case A: Solitary wave regime (c? > k7 + 1)

For this case, we choose parameters k1 = 1, u = 0.5,
c=3,Cy =1,a1 = 1,and y = 1. We can verify that
c? —k12 —1=9—-1—-1=7> 0, confirming that we are in
Regime L.

The 3D surface plot in Figure 2a reveals a localised
wave packet propagating with constant shape. The amplitude
decays exponentially in all directions perpendicular to propa-
gation, with characteristic decay length o = 1/+/7 ~ 0.378.
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Fig.4 3D plots and
cross-sections of the oscillating
solution (15). a Real part, b
imaginary part, ¢ absolute value,
d cross-sections. The real and
imaginary parts exhibit identical
spatial profiles scaled by the
constant phase factor 1/+/2 (see
Sect. 5). Parameters: k; = 2.5,
nw=15c=2,Ci=1,a =1,
andy =1

Fig.5 3D plots of the real part,
imaginary part, and the
cross-section of the solitary
travelling wavefront solution
(16). The imaginary part has an
identical spatial profile scaled
by the constant phase factor (see
Sect. 5); thus, only the real part
is shown. Parameters: k| = 1,
n=0.5,c=25,C; =1,and

y=1

°8 88384y
im(qu(t,x,1))

Re(qu(t,x,1))

-10 =

(a) The 3D plot of the real part of the oscil- (b) The 3D plot of the imaginary part of the
lating solution. oscillating solution.
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(c) The 3D plot of the absolute of the oscil- (d) The cross-sections of the oscillating solu-

lating solution. tion and its absolute value.

Im(gs(t,x,1))
Re(qs(t,x,1))

(a) The 3D plot of the imaginary part of the (b) The 3D plot of the real part of the solitary
solitary travelling wavefront solution. travelling wavefront solution.

(¢c) The cross-section of the
solitary travelling wavefront
solution.
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Fig.6 3D plots and
cross-section of the modulated
localised wave solution (16). a
Real part shows a spatially
localised wave packet with
internal oscillatory
structure—characteristic of a
modulated localised wave
formed by complex-valued 1. b
Imaginary part exhibits an
identical spatial profile, scaled
by the constant phase factor
1/+/2 (see Sect. 5). ¢
Cross-section reveals the
exponentially decaying
envelope with multiple internal
oscillations within the confined
region, demonstrating the
interplay between localisation
(Re(X)) and internal modulation
(Im(A)). Parameters: k| = 1.5,
nw=05c=1,C; =1,and
y=1

solution.
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(a) Real part of the modulated localised wave

~
n

|
°
o
Im(qs(t,x,1))
~
°

Re(qs(t,x,1))

s
S ¢
imi

Lo
=
LSS

(b) Imaginary part of the modulated localised
wave solution.
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(¢) Cross-section of the modulated localised
wave solution.

This localised structure is the hallmark of an envelope soli-
ton.

The imaginary part in Figure 2b exhibits precisely the
same spatial structure as the real part, scaled by the phase
factor. Depending on the choice of sign in the +i factor, it
may differ by an overall sign, but the shape is identical. This
confirms that the phase factor remains constant across all
space—a defining characteristic of travelling wave solutions.
Notice that wherever the real part is large, the imaginary part
is correspondingly large—the two quantities track each other
perfectly in shape.

The two-dimensional cross-section makes the relation-
ships crystal clear. The profile shows exponential decay away
from the centre, confirming the solitary-wave nature of the
solution. Both real and imaginary parts maintain the same
functional form, differing only in their vertical scaling by
1/+/2. All curves peak at the same location and decay at the
same rate.

This localised profile represents a stable envelope soli-
ton. In the plasma physics context, it describes a self-trapped
Langmuir wave packet where the defocusing nonlinearity
precisely balances dispersion, preventing the packet from
spreading. The plots of g1 (¢, x, ¥) confirm this, demonstrat-
ing stable localisation and shape preservation.

Case B: Oscillatory regime (c> < k> + 1)

We now examine the contrasting behaviour in the oscil-
latory regime, using parameters k1 = 2.5, u = 0.5, ¢ = 2,
Ci=la; = landy = l.Herec>—ki—1 = 4-6.25-1 =
—3.25 < 0, placing us firmly in Regime II.
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In Figure 4 rather than a single localised peak, we now see
periodic oscillations in space with a wavelength

2
(= 7” =21, /|2 — k2 — 1| =27+/325 ~ 11.3.

The real part in Figure 4a oscillates with this spatial period
and passes through zero at regular intervals, creating nodes
where the wave amplitude vanishes. Between these nodes,
the amplitude follows a sinusoidal envelope.

The cross-section in Fig. 4d reveals several key features.
First, the periodic modulation has wavelength ¢ ~ 11.3 as
predicted. Second, the oscillations maintain regular spacing
throughout the domain. The modulus (not shown separately
but evident from the profile) provides the "envelope" that
bounds the oscillations of the real part.

These periodic solutions represent modulated wave trains
or cnoidal-like waves (though expressed through hyper-
bolic/trigonometric functions rather than Jacobi elliptic func-
tions). In plasma physics, such structures emerge when the
wave velocity c falls below the critical threshold, causing the
wave to fragment into periodic cells rather than maintaining a
localised profile. In nonlinear optics, this regime may corre-
spond to Bloch wave modes in periodic photonic structures,
or to filamentation patterns in self-defocusing media.

The solution g2 (¢, x, y) is in turn similar to the g1 (¢, x, y)
solution, but with a different dependence on the parameters.
This solution also describes a wave with possible oscillating
behaviour, especially depending on the parameters ¢ and k.
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5.5 Graphical results of solution forp =3

The solution obtained for the equation at p = 3 in the form
q3(t, x, y) has a more complicated form, but also uses hyper-
bolic functions. The coefficients x and ¢ — k% — 1 play an
important role in the form of the solution.

Case C: Solitary wave regime for p = 3

We examine the quintic nonlinearity case with parameters
ki =1, u=05¢=25C; = 1,and y = 1. Since
> —ki—1=625—1—1=4.25> 0, we remain in the
solitary-wave regime.

For ¢* > k12 + 1 the hyperbolic functions have a real
argument, and g3 describes a localised wave (see Fig. 5).

The overall structure resembles that of g; in Regime I,
but with a noticeably different decay rate due to the quintic
(p = 3) nonlinearity. The characteristic length scale is

1 1
22—k —1) V83

~ (.343. (25)

o =

The cross-section allows direct comparison with the p =
2 case. For comparable values of ¢ and k1, the p = 3 solution
exhibits a narrower spatial width—the wave packet decays
more rapidly. This reflects the stronger self-defocusing effect
associated with higher-order nonlinearities. The solution
q3(t, x, y), which has a more complex structure, was also
analysed from the point of view of the dispersion relation.
For ¢? > k]2 + 1, it is stable and preserves the shape of a
localised wave, which is visible in the plots.

Case D: Modulated Localised Wave for p = 3

Finally, we examine the spatially modulated localised
wave regime for p = 3 using parameters k; = 1.5, © = 0.5,
c=1,C;=lLandy = L.With¢>—ki—1=1-225-1=
—2.25 < 0, we enter the parameter regime < k% + 1,
which for p = 3 produces a spatially modulated localised
wave—a spatially localised wave with internal oscillations—
rather than the extended wave train observed for p = 2.

The solution exhibits modulated localised wave behaviour
(see Fig. 6): A spatially confined wave packet with internal
oscillatory structure. Unlike the periodic wave train observed
for p = 2 (Fig. 4), the p = 3 solution remains spatially
confined near the origin. This fundamental difference arises

from the complex-valued parameter A = —,/ ﬁ/ (i/|A)),

which has both real and imaginary parts.

The real part of A creates exponential localisation, con-
fining the wave to a finite spatial region with characteristic
decay length o =~ 1/|Re(A)].

The imaginary part of A generates rapid oscillations within
this localised envelope, with internal wavelength

l = 2 5.92
internal | I ( )L) | | |

This modulated localised wave structure differs funda-
mentally from the p = 2 case: Instead of a wave train extend-
ing throughout space, the p = 3 solution remains localised
while exhibiting multiple internal oscillations within its enve-
lope. Such structures combine characteristics of envelope
solitons with spatial modulation, but maintain a stationary
(non-breathing) envelope.

In plasma physics, these structures represent self-trapped
Langmuir wave packets with internal spatial modulation
while maintaining overall localisation. In nonlinear optics,
they correspond to spatially modulated envelope structures
in defocusing media, distinct from temporally pulsating
spatially modulated localised wave that undergo periodic
amplitude oscillations. The multiple internal oscillations
within a localised envelope reflect the competing effects of
quintic (p = 3) nonlinearity and dispersion, mediated by the
complex-valued parameter A.

5.6 Relation to linear stability of uniform states

Although the stability analysis in Sect. 4 concerns uniform
backgrounds rather than the travelling waves themselves, cer-
tain parameter-dependent features provide qualitative insight
into the observed solution behaviour:

Localised solutions (Figs. 2, 3 and 5). These profiles
emerge in the parameter regime ¢> > k% + 1, where the
dispersion relation m? = 2k + 1 + pCY~" for uniform
backgrounds indicates marginal stability with purely real
frequencies. This conservative (Hamiltonian) character is
consistent with the persistent, non-dispersive propagation of
localised structures. The characteristic spatial decay lengths
a=1/v/7(p=2)anda = 1/+/8.5 (p = 3) are determined
by the balance between nonlinearity and dispersion encoded
in the parameter combination ¢ — k% -1

Periodic wave trains (p = 2, Fig. 4). In the regime
< k% + 1, the argument of hyperbolic functions in solu-
tion (15) becomes purely imaginary, transforming them into
trigonometric functions. This yields extended periodic struc-

tures with wavelength € = 27/, /|c2 — k7 — 1| ~ 11.3. The

transition at ¢> = k% + 1 reflects a qualitative change in the
effective dispersion-nonlinearity balance.

Modulated localised waves (p = 3, Fig. 6). For p = 3
in the regime ¢? < k7 + 1, the parameter A in solution (16)
acquires both real and imaginary parts, producing a spatially
confined envelope (from Re(X)) with rapid internal oscil-
lations (from Im(A)). The internal wavelength fiperal ~
5.92 characterises these oscillations. This differs funda-
mentally from the extended wave trains observed for p =
2, illustrating how higher-order nonlinearities modify the
localisation-oscillation interplay.

Regime transition. The critical threshold ¢? = k7 + 1
marks a bifurcation in solution character. While the linear
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stability analysis of Sect. 4 does not directly govern the sta-
bility of these nonlinear coherent structures, the parameter
e k12 — 1 enters both the dispersion relation for uni-
form states and the functional form of the travelling waves,
suggesting a common underlying mechanism related to the
competition between wave propagation speed and effective
restoring forces.

Important caveat: The exponential decay rates, spatial
profiles, and long-term stability of the localised solutions
(15)—(16) are determined by the nonlinear structure of these
waves, not by the linear analysis of uniform backgrounds. A
rigorous stability assessment would require spectral analysis
of the linearised operator around each specific wave profile,
which lies beyond the present scope.

5.7 Summary of graphical findings

The graphical profiles are fully consistent with the linear
stability analysis of Sect. 4. Localised solutions correspond
to marginally stable modes with purely imaginary growth
rates, while oscillatory solutions exhibit features suggestive
of modulational instabilities. Although a definitive assess-
ment of their long-time behaviour requires nonlinear stability
analysis, the agreement between analytical predictions and
graphical results provides strong validation of the theoretical
framework.

6 Conclusion

This work provides a systematic Lie symmetry analysis of the
two-dimensional p-defocusing Klein—-Gordon equation with
general power-law nonlinearity |¢|”~!, p > 1. By deriving
the complete seven-dimensional Lie algebra of point symme-
tries and exploiting its structure through invariant reductions,
we have obtained exact travelling wave solutions and anal-
ysed their stability properties.

The principal results of this study are:

Regarding the Lie symmetry structure: The full point
symmetry algebra has been derived explicitly from deter-
mining equations, providing the foundation for systematic
reductions via characteristic equations.

Regarding the exact solutions: Explicit travelling wave
solutions were obtained for p = 2 and p = 3 using
the (1/G")-expansion method. The solutions exhibit qual-
itatively different behaviours depending on the sign of
o k12 — 1: when ¢ > k12 + 1, localised solitary waves
emerge for both p = 2 and p = 3; when 32 < k% + 1,
the nonlinearity parameter critically determines the wave
structure—extended periodic wave trains for p = 2 ver-
sus spatially modulated localised wave (waves with internal
oscillatory structure) for p = 3.

@ Springer

Regarding the stability analysis: Linear stability analy-
sis reveals that solutions are marginally stable in the localised
regime, with dispersion relation w? = 2k> 41+ ng ! pro-
viding explicit phase and group velocities.

Regarding the methodological contribution: In con-
trast to approaches employing ad hoc ansétze, all reductions
are derived systematically from the symmetry algebra. This
unified framework classifies translation-invariant, Galilean-
type, rotational, and phase-invariant reductions within a
single structure. The observation that the homogeneous bal-
ance number M = 2/(p — 1) is non-integer for general p
indicates the need for alternative methods beyond p = 2, 3.

The solutions admit natural interpretations in plasma
physics (envelope solitons and modulated localised waves
representing self-trapped Langmuir wave packets with vary-
ing internal structure), nonlinear optics (localised pulse
structures and spatially modulated envelopes in defocusing
Kerr media), and field theory (scalar configurations with
varying spatial localisation and internal oscillatory patterns).
The threshold ¢? = k12 + 1 separates solitary-wave regimes
from oscillatory regimes, with the latter exhibiting quali-
tatively different structures depending on the nonlinearity
order: Extended wave trains for p = 2 versus spatially mod-
ulated localised waves for p = 3.

Several directions remain open for investigation: exten-
sion to general p via elliptic function methods, nonlinear
stability analysis using Lyapunov functionals, derivation of
conservation laws via Noether’s theorem, and classifica-
tion of reductions through optimal systems of subalgebras.
Numerical simulations and three-dimensional extensions
would further validate the analytical predictions and explore
solution interactions.

Overall, this study demonstrates that Lie symmetry anal-
ysis provides a systematic framework for constructing and
classifying solutions to nonlinear Klein—Gordon equations,
with clear advantages over heuristic approaches in both com-
pleteness and physical transparency.
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