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 A B S T R A C T

This study employs a nonlinear differential equation to model diverse phenomena, encom-
passing dislocation movement in crystals, characteristics of elementary particles, and the 
propagation of fluxions in Josephson junctions, with the Klein–Gordon equation serving as 
an illustrative example. The 𝜑6-model expansion method, a multitude of solution types are 
explicitly obtained, which encompass kink-type solitons, recognized as topological solitons 
within the realm of water waves. Notably, these solitons exhibit velocities independent of 
wave amplitude, alongside other variations like dark, singular, periodic, and combined singular 
soliton solutions. The research outcomes hold the potential to enhance the nonlinear dynamical 
characteristics of the Klein–Gordon equation. The suggested 𝜑6-model expansion technique 
provides a pragmatic and efficient strategy for addressing a wide range of nonlinear partial 
differential equations. The findings are visually presented through insightful graphs that 
elucidate the dynamic aspects of the results, demonstrating the accuracy of the obtained 
solutions when applied to the Klein–Gordon equation. The physical properties of surface waves 
are comprehensively analyzed, with a particular focus on Rayleigh waves. By modeling the 
regular oscillations, energy transfer and complex behavior of Rayleigh waves under nonlinear 
effects, this study provides theoretical support that these waves can exhibit solitary wave 
properties under certain boundary conditions.

. Introduction

The origins of partial differential equations (PDEs) trace back to their emergence in the study of surfaces within geometry [1–3] 
nd the exploration of various mechanical problems. During the late 19th century, notable mathematicians worldwide became 
ctively involved in delving into a broad spectrum of issues posed by PDEs. Beyond their historical context, PDEs, particularly 
onlinear partial differential equations, have proven crucial in describing phenomena across physics, biology, chemistry, and other 
cientific domains. The nonlinear behavior inherent in many physical systems harbors intriguing features that demand specialized 
ethods for exploration.
The primary motivation behind this study stems from the pervasive presence of PDEs in mathematical analyses, addressing 

hallenges in science and engineering while elucidating fundamental natural principles [4]. As we delve into this research, it becomes 
ncreasingly apparent that the investigation of nonlinear evolution equations (NLEEs) and PDEs demands precision and a diverse set 
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of methodologies. Among these techniques, the inverse scattering transform approach [5] stands out as an effective means to seek 
precise solutions for both NLEEs and PDEs, underscoring the rich landscape of mathematical tools available for this exploration. 
others include; the Homoclinic method [6,7], the sinh-Gordon function technique [8,9], the generalized exponential rational function 
method [10], the general projective Riccati method [11], the auxiliary equation approach [12], An alternative technique [13], 
the symbolic computation [14], F -expansion method [15,16], the bilinear neural network method [17,18], the Bernoulli sub-
equation function technique [19], the sub-equation analytical technique [20], the modified sub-equation technique [21], the unified 
auxiliary equation method [22], the auto-Bäcklund transformation method [23], unified solver method [24], residual power series 
technique [25], modified Laplace decomposition method [26], the newly developed 𝜑6–model expansion technique [27–29] and so 
on.

This investigation is centered on the intricate realm of the nonlinear Klein–Gordon equation, a subject that has captivated the 
interest of researchers and scholars alike. The equation’s significance extends to the realms of studying solitons and delving into the 
fascinating domain of condensed matter physics [30,31]. Furthermore, it has played a pivotal role in unraveling the complexities 
surrounding soliton interactions within collisionless plasmas, investigating the reappearance of initial states, and delving into the 
intricate structure of nonlinear wave equations [32]. As we embark on this exploration, we aim to illuminate the multifaceted nature 
of the Klein–Gordon equation and contribute to the ongoing discourse in these captivating scientific domains. This article focuses 
on the analytical solution of the Klein–Gordon equation (KGE) [33]; 

𝑢𝑡𝑡 − 𝛥𝑢 + 𝑎𝑢 = 𝑓 (𝑢), 0 < 𝑡 ≤ 𝑇 , 𝑥 ∈ 𝑇 𝑑 ⊂ 𝑅𝑑 , (1)

in which 𝑢 = 𝑢(𝑡, 𝑥) denotes the wave motion at time t and location 𝑥, 𝑑 = 1, 2, 3 indicates the dimension of 𝑥, 0 < 𝑎 is a provided 
quantity which can be described physically as the particle’s mass, while 𝑓 (𝑢) ∶ 𝑅 → 𝑅 is an arbitrary nonlinear function. The NKGE 
is universally well-posed for initiating data (𝑢0(𝑥), 𝑉0(𝑥)

)

∈ 𝐻𝛼(𝑇 𝑑 ) × 𝐻𝛼−1(𝑇 𝑑 ) for 1 ≤ 𝛼 in higher dimensions. There are several 
well-known instances resulting from various selections of 𝑓 (𝑢). For the highly rare situation 𝑓 (𝑢) = 0, the aforementioned Klein–
Gordon model is regarded as the relativistic version of the Schrödinger equation, because it accurately represents spinless relativistic 
composite elements like the pion and the Higgs boson [33]. If 𝑓 (𝑢) = 𝑎𝑢𝑛 is chosen, the equation is known as the Klein–Fock–Gordon 
equation, and is known as the quadratic nonlinearity for 𝑛 = 2 and the cubic nonlinearity for 𝑛 = 2 [34]. In the situation where 
𝑓 (𝑢) = 𝑏𝑢3 with a dimensionless parameter 𝑏 (negative and positive for focusing self-interaction and defocusing, respectively). If 
𝑓 (𝑢) = 𝑠𝑖𝑛(𝑢),  Eq.  (1) correlates to the sine-Gordon equation, which emerges in numerous physical applications [35], the equation 
includes the cubic wave model depending on the choice of 𝑎 = 0, and this system is commonly used in plasma physics [36]. 
The case 𝑓 (𝑢) = 𝑒𝑢 is known by the Liouville equation, a fundamental tool in classical mechanics for understanding the evolution 
of systems [37]. The Boussinesq equation that describes the propagation of long waves with tiny amplitudes can be analyzed as 
𝑓 (𝑢) = (𝑢2)𝑥𝑥 + 𝑢𝑥𝑥𝑥𝑥 [38,39].

In this article, our focal point is the exploration of cutting-edge research pertaining to the 𝜑6–model expansion method. 
Specifically, we aim to investigate precise solutions for the well-known (1 + 1)−dimensional Klein–Gordon (KG) equation by taking 
𝑓 (𝑢) = 𝑏𝑢3 with a dimensionless parameter 𝑏 (negative and positive for focusing self-interaction and defocusing, respectively) as 
shown in Eq.  (11). The overarching goal is to meticulously assess and underscore the advantages and effectiveness of the 𝜑6–model 
expansion method in handling this complex equation. The KG equation, renowned for its versatility, finds applications in modeling 
a spectrum of nonlinear phenomena, ranging from the intricate propagation of dislocations in crystals to the nuanced behavior 
of elementary particles and the fascinating dynamics of fluxions in Josephson junctions. Through this endeavor, we aspire not 
only to contribute to the evolving body of knowledge but also to showcase the practical utility of the 𝜑6-model expansion method 
in unraveling the complexities inherent in real-world physical phenomena. In this study, the Klein–Gordon equation is examined 
utilizing the recently developed 𝜑6-model expansion technique, which leads to the recovery of optical solitary wave solutions. he 
𝜑6-model expansion method offers an efficient, flexible and physically meaning-rich strategy for modeling nonlinear dynamics. 
The 𝜑6–model expansion method is chosen for this study due to its variety of solutions, ease of implementation and suitability for 
physical systems. This approach offers a fresh perspective on understanding the dynamics of optical solitons within the context 
of the Klein–Gordon equation. The Klein–Gordon equation can shed light on the energy transport mechanism in nonlinear wave 
dynamics. In this study, the Klein–Gordon equation will be used as a tool to explain the velocity and energy density of wave motion. 
In particular, solitary waves and soliton solutions of the equation will be used to explain the nonlinear effects of Rayleigh waves 
related to elastic material dynamics. It is known that Rayleigh waves can exhibit soliton-like behavior under certain conditions [40]. 
The Klein–Gordon equation provides a theoretical basis for the formation of solitons. Therefore, the Klein–Gordon equation can be 
used to study the similar dynamics of Rayleigh waves.

In charting the course for this endeavor, a strategic blueprint unfolds as follows. Section 2 lays the foundation with a 
comprehensive exploration of the 𝜑6-model expansion method, providing the groundwork for subsequent developments. The 
narrative intensifies in Section 3, where we skillfully wield the 𝜑6-method to fashion an innovative rendition of the Klein–Gordon 
equation, unveiling a tapestry of fresh and dynamic traveling wave solutions. To enrich our understanding, Section 3 introduces a 
visual symphony of 3D, 2D, and contour graphs, painting a vivid portrait of the physical structure inherent in these traveling wave 
solutions. In Section 4, the spotlight turns to the stability analysis of the soliton solutions, unraveling their nuanced behaviors. As 
our research culminates in Section 5, we draw astute conclusions that encapsulate the essence of our discoveries, beckoning further 
exploration into the captivating realm of nonlinear wave phenomena.
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2. The 𝝋𝟔-model expansion method

As outlined in the Refs. [41–46], the procedural steps for implementing the 𝜑6-model expansion technique encompass:
Step-1: Assuming the nonlinear partial differential equation describing 𝑢 = (𝑥, 𝑡) takes the following form: 

𝑄(𝑢, 𝑢𝑥, 𝑢𝑡, 𝑢𝑥𝑡, 𝑢𝑥𝑥,…) = 0. (2)

Here, 𝑄 is expressed as a polynomial function of 𝑢(𝑥, 𝑡), involving both the highest order partial derivatives and non-linear terms 
inherent in its formulation.

Step-2: Through the utilization of the wave transformation 

𝑢(𝑥, 𝑡) = 𝑢(𝜇), 𝜇 = 𝑥 −𝑤𝑡. (3)

In the scenario where 𝑤 is indicative of the wave velocity, Eq.  (2) can be converted into below nonlinear ordinary differential 
equation. 

𝛺(𝑢, 𝑢
′
, 𝑢𝑢

′
, 𝑢

′′
,…) = 0, (4)

here the prime notation is used to indicate derivatives with respect to 𝜇.
Step-3: Assuming the existence of a formal solution to Eq. (4): 

𝑢 (𝜇) =
2𝐶
∑

𝑗=0
𝛼𝑖𝜑

𝑗 (𝜇), (5)

𝐶 can be determined through the application of the balancing rule, where 𝛼𝑗 (for 𝑗 = 0, 1, 2,… , 𝐶) are constants to be established, 
and 𝜑(𝜇) adheres to the 𝜑6-model expansion in the following format:

𝜑′2(𝜇) = ℎ0 + ℎ2𝜑
2(𝜇) + ℎ4𝜑

4(𝜇) + ℎ6𝜑
6(𝜇), (6)

𝜑
′′
(𝜇) = ℎ2𝜑(𝜇) + 2ℎ4𝜑3(𝜇) + 3ℎ6𝜑5(𝜇).

In this context, the constants ℎ𝑗 (where 𝑗 = 0, 2, 4, 6) are initially arbitrary and will be determined in subsequent stages.
Step-4: It is established that the solution to Eq. (6) takes the form: 

𝜑(𝜇) =
𝑄(𝜇)

√

𝑓𝑄2(𝜇) + 𝑔
. (7)

𝑄(𝜇) denotes the solution to the Jacobi elliptic equation, ensuring the validity of 0 < 𝑓𝑄2(𝜇) + 𝑔

𝑄′2(𝜇) = 𝑙0 + 𝑙2𝑄
2(𝜇) + 𝑙4𝑄

4(𝜇). (8)

Here, the constants 𝑙𝑗 (for 𝑗 = 0, 2, 4) are unspecified and will be established through calculation. The values of 𝑔 and 𝑓 are provided 
by:

𝑓 =
ℎ4(𝑙2 − ℎ2)

(𝑙2 − ℎ2)2 + 3𝑙0𝑙4 − 2𝑙2(𝑙2 − ℎ2)
, (9)

𝑔 =
3𝑙0ℎ4

(𝑙2 − ℎ2)2 + 3𝑙0𝑙4 − 2𝑙2(𝑙2 − ℎ2)
.

Subject to the specified condition 

ℎ24(𝑙2 − ℎ2)[9𝑙0𝑙4 − (𝑙2 − ℎ2)(2𝑙2 + ℎ2)] + 3ℎ6[−𝑙22 + ℎ22 + 3𝑙0𝑙4]2 = 0. (10)

Step-5: The computation of Jacobi elliptic solutions for Eq.  (8) is feasible under the condition 0 < 𝑁 < 1. Upon inserting Eq. (7) 
and (8) into Eq. (5), precise solutions for Eq. (2) can be derived.

 Function 𝑁 → 1 𝑁 → 0 Function 𝑁 → 1 𝑁 → 0 
 𝑠𝑛(𝜇,𝑁) 𝑡𝑎𝑛ℎ(𝜇) 𝑠𝑖𝑛(𝜇) 𝑑𝑠(𝜇,𝑁) 𝑐𝑠𝑐ℎ(𝜇) 𝑐𝑠𝑐(𝜇)  
 𝑐𝑛(𝜇,𝑁) 𝑠𝑒𝑐ℎ(𝜇) 𝑐𝑜𝑠(𝜇) 𝑠𝑐(𝜇,𝑁) 𝑠𝑖𝑛ℎ(𝜇) 𝑡𝑎𝑛(𝜇)  
 𝑑𝑛(𝜇,𝑁) 𝑠𝑒𝑐ℎ(𝜇) 1 𝑠𝑑(𝜇,𝑁) 𝑠𝑖𝑛ℎ(𝜇) 𝑠𝑖𝑛(𝜇)  
 𝑛𝑠(𝜇,𝑁) 𝑐𝑜𝑡ℎ(𝜇) 𝑐𝑠𝑐(𝜇) 𝑛𝑐(𝜇,𝑁) 𝑐𝑜𝑠ℎ(𝜇) 𝑠𝑒𝑐(𝜇)  
 𝑐𝑠(𝜇,𝑁) 𝑐𝑠𝑐ℎ(𝜇) 𝑐𝑜𝑡(𝜇) 𝑐𝑑(𝜇,𝑁) 1 𝑐𝑜𝑠(𝜇)  

3. Utilization of the 𝝋𝟔 method in the analysis of the Klein– Gordon equation

The aim of this segment is to explore recent research associated with the 𝜑6-model expansion method, specifically in investigating 
precise solutions for the (1+1)-dimensional cubic Klein–Gordon (cKG) equation. The goal is to assess the method’s benefits and 
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effectiveness. The cKG equation is employed to simulate various nonlinear phenomena, such as the movement of dislocations in 
crystals, the characteristics of elementary particles, and the propagation of fluxions in Josephson junctions. 

𝑢𝑡𝑡 − 𝑐2𝑢𝑥𝑥 + 𝑎𝑢 + 𝑏𝑢3 = 0. (11)

In the scenario where the amplitude of the relevant wave mode is denoted by 𝑢 and 𝑢 = 𝑢(𝑥, 𝑡), with 𝑎 and 𝑏 representing constants, 
Eq. (11) becomes the Phi-4 equation [47], which has played a significant role in nuclear and particle physics throughout the years. 
The cKG equation is used to describe the propagation of dislocations inside crystals, the Bloch wall motion of magnetic crystals, 
the propagation of a ‘‘splay wave’’ over a dielectric membrane, the unitary theory for elementary particles, and the transmission of 
magnetic flux on a Josephson line, among other topics. More information is provided in [48,49] and the sources cited there. Khan 
et al. [50] used the Modified simple equation method to get the traveling wave solutions to the (2 + 1)-dimensional cKG model. 
Traveling wave solutions are expressed using hyperbolic and trigonometric functions with arbitrary parameters. The homogeneous 
balancing approach, the Jacobi elliptic expansion method, and the auxiliary equation method are used to get the Jacobi doubly 
periodic wave solutions to the generalized Klein–Gordon equation by Hong-Cai et al. [51], other method include the use of modified 
Exp-function method [52], the tanh method [53], the solitary wave ansatz [54], and A numerical approach based on a three-time 
level finite-difference [55]. A comparison with the results in the above studies shows that almost all of our solutions are completely 
different from theirs.

Eq. (11) undergoes simplification into the subsequent ordinary differential equation through the application of the traveling 
wave transformation 𝑢(𝑥, 𝑡) = 𝑢(𝜇) = 𝑢(𝑥 −𝑤𝑡)

(

𝑤2 − 𝑐2
)

𝑢′′ + 𝑏𝑢3 + 𝑎𝑢 = 0. (12)

The value of 𝐶 = 1 is derived through the equilibrium principle involving 𝑢′′ and 𝑢3. Consequently, the solution can be represented 
in the following form: 

𝑢(𝜇) = 𝛼0 + 𝛼1𝜑(𝜇) + 𝛼2𝜑
2(𝜇). (13)

Here, the constants 𝛼0, 𝛼1, and 𝛼2 are undetermined and will be obtained through subsequent analysis.
Upon incorporating Eqs.  (13) and (6) into Eq. (12) and equalizing the coefficients of all powers of 𝜑𝑗 (𝜇) to zero, where 

𝑗 = 0, 1, 2, 3, 4, 5, 6, the following set of algebraic equations is obtained: 
𝜑0(𝜇) ∶ 𝑎𝛼0 + 𝛼30𝑏 − 2𝛼2𝑐2ℎ0 + 2𝛼2ℎ0𝑤2 = 0,
𝜑1(𝜇) ∶ 𝑎𝛼1 + 3𝛼20𝛼1𝑏 + 𝛼1𝑐2

(

−ℎ2
)

+ 𝛼1ℎ2𝑤2 = 0,
𝜑2(𝜇) ∶ 𝑎𝛼2 + 3𝛼0𝛼21𝑏 + 3𝛼20𝛼2𝑏 − 4𝛼2𝑐2ℎ2 + 4𝛼2ℎ2𝑤2 = 0,
𝜑3(𝜇) ∶ 𝛼31𝑏 + 6𝛼0𝛼2𝛼1𝑏 − 2𝛼1𝑐2ℎ4 + 2𝛼1ℎ4𝑤2 = 0,
𝜑4(𝜇) ∶ 3𝛼0𝛼22𝑏 + 3𝛼21𝛼2𝑏 − 6𝛼2𝑐2ℎ4 + 6𝛼2ℎ4𝑤2 = 0,
𝜑5(𝜇) ∶ 3𝛼1𝛼22𝑏 − 3𝛼1𝑐2ℎ6 + 3𝛼1ℎ6𝑤2 = 0,
𝜑6(𝜇) ∶ 𝛼32𝑏 − 8𝛼2𝑐2ℎ6 + 8𝛼2ℎ6𝑤2 = 0.

(14)

The solution presented below is derived upon solving the aforementioned system. 

𝛼0 = 0, 𝛼1 =

√

2
√

𝑐2ℎ4 − ℎ4𝑤2
√

𝑏
, 𝛼2 = 0, ℎ6 = 0, 𝑎 = ℎ2

(

𝑐2 −𝑤2) . (15)

The precise solutions for Eq. (11) can be determined by utilizing Eqs. (7), (13), and (15), together with the Jacobi elliptic functions 
listed in the aforementioned table.

1. Assuming 𝑙0 = 1, 𝑙2 = −(1+𝑁2), 𝑙4 = 𝑁2, where 0 < 𝑁 < 1, the function 𝑄(𝜇) = 𝑠𝑛(𝜇,𝑁) is obtained, leading to the following:

𝑢
1,0

(𝑥, 𝑡) = 𝛼1

⎛

⎜

⎜

⎜

⎝

𝑠𝑛(𝜇,𝑁)
√

𝑓 (𝑠𝑛(𝜇,𝑁))2 + 𝑔

⎞

⎟

⎟

⎟

⎠

, (16)

if 𝑙0 = 1, 𝑙2 = −(1 +𝑁2), 𝑙4 = 𝑁2, 0 < 𝑁 < 1, then 𝑄(𝜇) = 𝑐𝑑(𝜇,𝑁) therefore 

𝑢
1,1

(𝑥, 𝑡) = 𝛼1

⎛

⎜

⎜

⎜

⎝

𝑐𝑑(𝜇,𝑁)
√

𝑓 (𝑐𝑑(𝜇,𝑁))2 + 𝑔

⎞

⎟

⎟

⎟

⎠

. (17)

In this scenario, when 𝜇 = 𝑥 − 𝑤𝑡, and 𝑠𝑛(𝜇,𝑁) and 𝑐𝑑(𝜇,𝑁) represent the Jacobi elliptic functions with a solution modulus of 
0 < 𝑁 < 1, these functions take on the form of either trigonometric or hyperbolic functions, as detailed in the aforementioned table. 
The expressions for 𝑓 and 𝑔 in Eq. (9) are given by:

𝑓 =
ℎ4

(

ℎ2 +𝑁2 + 1
)

−ℎ22 +𝑁4 −𝑁2 + 1
,

𝑔 = −
3ℎ4

−ℎ22 +𝑁4 −𝑁2 + 1
,
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under the restriction condition
ℎ24

(

−ℎ2 −𝑁2 − 1
) (

−
(

−ℎ2 + 2𝑁2 − 1
) (

ℎ2 +𝑁2 − 2
))

= 0.

By taking Eq. (16) into consideration, when 𝑁 → 1, then 𝑠𝑛(𝜇, 1) = 𝑡𝑎𝑛ℎ(𝜇), the kink soliton is retrieved 

𝑢
1,2

(𝑥, 𝑡) = −

√

2
√

ℎ4(𝑐 −𝑤)(𝑐 +𝑤) tanh(𝑡𝑤 − 𝑥)

√

𝑏

√

ℎ4
(

3−
(

ℎ2+2
)

tanh2(𝑡𝑤−𝑥)
)

ℎ22−1

, (18)

where 𝜇 = 𝑥 −𝑤𝑡, such that
ℎ24

(

−ℎ2 − 2
) ((

ℎ2 − 1
) 2) = 0.

As 𝑁 tends toward 0, 𝑠𝑛(𝜇, 0) = 𝑠𝑖𝑛(𝜇), resulting in the acquisition of the periodic solution. 

𝑢
1,3

(𝑥, 𝑡) = −

√

2
√

ℎ4(𝑐 −𝑤)(𝑐 +𝑤) sin(𝑡𝑤 − 𝑥)

√

𝑏

√

−
ℎ4

(

ℎ2 sin2(𝑡𝑤−𝑥)+sin2(𝑡𝑤−𝑥)−3
)

ℎ22−1

, (19)

such that
ℎ24

(

−ℎ2 − 1
) (

−
(

−ℎ2 − 1
) (

ℎ2 − 2
))

= 0.

Similarly, examining the cases where 𝑐𝑑(𝜁, 1) = 1 and 𝑐𝑑(𝜁, 0) = cos(𝜁 ) in Eq. (17), diverse solutions can be attained.
2. Assuming 𝑙0 = 1 −𝑁2, 𝑙2 = 2𝑁2 − 1, 𝑙4 = −𝑁2, with 0 < 𝑁 < 1, we conclude that 𝑄(𝜇) = 𝑐𝑛(𝜇,𝑁), thus resulting in: 

𝑢
2,1

(𝑥, 𝑡) = 𝛼1

⎛

⎜

⎜

⎜

⎝

𝑐𝑛(𝜇,𝑁)
√

𝑓 (𝑐𝑛(𝜇,𝑁))2 + 𝑔

⎞

⎟

⎟

⎟

⎠

, (20)

where the values of 𝑓 and 𝑔 are ascertained by

𝑓 =
ℎ4

(

ℎ2 − 2𝑁2 + 1
)

−ℎ22 +𝑁4 −𝑁2 + 1
,

𝑔 =
3ℎ4

(

𝑁2 − 1
)

−ℎ22 +𝑁4 −𝑁2 + 1
,

under the specified constraint
ℎ24

(

−ℎ2 + 2𝑁2 − 1
) (

−
(

−ℎ2 + 2𝑁2 − 1
) (

ℎ2 + 2
(

2𝑁2 − 1
))

− 9
(

1 −𝑁2)𝑁2) = 0.

If 𝑁 → 1, 𝑐𝑛(𝜇, 1) = sech(𝜇) then the trivial solution is retrieved and the constraint condition is as follows.
provided that

ℎ24
(

1 − ℎ2
) (

−
(

1 − ℎ2
) (

ℎ2 + 2
))

= 0.

As 𝑁 approaches 0, the solution becomes periodic. 

𝑢
2,2

(𝑥, 𝑡) =

√

2
√

(𝑐 −𝑤)(𝑐 +𝑤) cos(𝑡𝑤 − 𝑥)
√

𝑏
√

−
(

ℎ2 cos2(𝑡𝑤−𝑥)+cos2(𝑡𝑤−𝑥)−3
)

ℎ22−1

, (21)

such that
ℎ24

(

−ℎ2 − 1
) (

−
(

−ℎ2 − 1
) (

ℎ2 − 2
))

= 0.

3. If 𝑙0 = 𝑁2 − 1, 𝑙2 = 2 −𝑁2, 𝑙4 = −1, 0 < 𝑁 < 1, then 𝑄(𝜇) = 𝑑𝑛(𝜇,𝑁) which gives 

𝑢
3,1

(𝑥, 𝑡) = 𝛼1

⎛

⎜

⎜

⎜

⎝

𝑑𝑛(𝜇,𝑁)
√

𝑓 (𝑑𝑛(𝜇,𝑁))2 + 𝑔

⎞

⎟

⎟

⎟

⎠

, (22)

where the values of 𝑓 and 𝑔 are ascertained by

𝑓 =
ℎ4

(

ℎ2 +𝑁2 − 2
)

−ℎ22 +𝑁4 −𝑁2 + 1
,

𝑔 = −
3ℎ4

(

𝑁2 − 1
)

2 4 2
,

−ℎ2 +𝑁 −𝑁 + 1
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under the restriction condition
ℎ24

(

−ℎ2 −𝑁2 + 2
) (

−
(

−ℎ2 −𝑁2 + 2
) (

ℎ2 + 2
(

2 −𝑁2)) − 9
(

𝑁2 − 1
))

= 0.

If 𝑁 → 1, then the rational solution is obtained 

𝑢3,2 (𝑥, 𝑡) =

√

2
√

ℎ4(𝑐 −𝑤)(𝑐 +𝑤)
√

𝑏
√

− ℎ4
ℎ2+1

, (23)

provided that
ℎ24

(

1 − ℎ2
) (

−
(

1 − ℎ2
) (

ℎ2 + 2
))

= 0.

If 𝑁 → 0, then the rational solution is obtained 

𝑢
3,3

(𝑥, 𝑡) =

√

2
√

𝑐2ℎ4 − ℎ4𝑤2

√

𝑏
√

−
(

ℎ2−2
)

ℎ4
ℎ22−1

− 3ℎ4
ℎ22−1

, (24)

such that
ℎ24

(

2 − ℎ2
) (

9 −
(

2 − ℎ2
) (

ℎ2 + 4
))

= 0.

4. If 𝑙0 = 𝑁2, 𝑙2 = −
(

1 +𝑁2), 𝑙4 = 1, 0 < 𝑁 < 1, then 𝑄(𝜇) = 𝑛𝑠(𝜇,𝑁) or 𝑄(𝜇) = 𝑑𝑐(𝜇,𝑁) then 

𝑢
4,0

(𝑥, 𝑡) = 𝛼1

⎛

⎜

⎜

⎜

⎝

𝑛𝑠(𝜇,𝑁)
√

𝑓 (𝑛𝑠(𝜇,𝑁))2 + 𝑔

⎞

⎟

⎟

⎟

⎠

, (25)

or 

𝑢
4,1

(𝑥, 𝑡) = 𝛼1

⎛

⎜

⎜

⎜

⎝

𝑑𝑐(𝜇,𝑁)
√

𝑓 (𝑑𝑐(𝜇,𝑁))2 + 𝑔

⎞

⎟

⎟

⎟

⎠

, (26)

where the values of 𝑓 and 𝑔 are ascertained by

𝑓 =
ℎ4

(

ℎ2 +𝑁2 + 1
)

−ℎ22 +𝑁4 −𝑁2 + 1
,

𝑔 = −
3ℎ4𝑁2

−ℎ22 +𝑁4 −𝑁2 + 1
,

under the constraint condition
ℎ24

(

−ℎ2 −𝑁2 − 1
) (

9𝑁2 −
(

−ℎ2 −𝑁2 − 1
) (

ℎ2 + 2
(

−𝑁2 − 1
)))

= 0.

If 𝑁 → 1, then the soliton solution is obtained 

𝑢4,2 (𝑥, 𝑡) = −

√

2
√

ℎ4(𝑐 −𝑤)(𝑐 +𝑤) coth(𝑡𝑤 − 𝑥)

√

𝑏

√

−
ℎ4

(

(

ℎ2+2
)

csch2(𝑡𝑤−𝑥)+ℎ2−1
)

ℎ22−1

, (27)

such that
ℎ24

(

−ℎ2 − 2
) (

9 −
(

−ℎ2 − 2
) (

ℎ2 − 4
))

= 0.

If 𝑁 → 0, then the rational solution is obtained, such that
ℎ24

(

−ℎ2 − 1
) (

−
(

−ℎ2 − 1
) (

ℎ2 − 2
))

= 0.

5. Assuming 𝑙0 = −𝑁2, 𝑙2 = 2𝑁2 − 1, 𝑙4 = 1 −𝑁2, where 0 < 𝑁 < 1, the function 𝑄(𝜇) = 𝑛𝑐(𝜇,𝑁) is determined, leading to: 

𝑢
5,1

(𝑥, 𝑡) = 𝛼1

⎛

⎜

⎜

⎜

⎝

𝑛𝑐(𝜇,𝑁)
√

𝑓 (𝑛𝑐(𝜇,𝑁))2 + 𝑔

⎞

⎟

⎟

⎟

⎠

, (28)

where the values of 𝑓 and 𝑔 are ascertained by

𝑓 =
ℎ4

(

ℎ2 − 2𝑁2 + 1
)

2 4 2
,

−ℎ2 +𝑁 −𝑁 + 1
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𝑔 =
3ℎ4𝑁2

−ℎ22 +𝑁4 −𝑁2 + 1
,

under the constraint condition
ℎ24

(

−ℎ2 + 2𝑁2 − 1
) (

−
(

−ℎ2 + 2𝑁2 − 1
) (

ℎ2 + 2
(

2𝑁2 − 1
))

− 9
(

1 −𝑁2)𝑁2) = 0.

If 𝑁 → 1, then the dark soliton solution is obtained 

𝑢
5,2

(𝑥, 𝑡) =

√

2
√

ℎ4(𝑐 −𝑤)(𝑐 +𝑤) cosh(𝑡𝑤 − 𝑥)

√

𝑏

√

ℎ4
(

−ℎ2 cosh2(𝑡𝑤−𝑥)+cosh2(𝑡𝑤−𝑥)−3
)

ℎ22−1

, (29)

such that
ℎ24

(

1 − ℎ2
) (

−
(

1 − ℎ2
) (

ℎ2 + 2
))

= 0.

If 𝑁 → 0, then the rational solution is obtained, such that
ℎ24

(

−ℎ2 − 1
) (

−
(

−ℎ2 − 1
) (

ℎ2 − 2
))

= 0.

6. Assuming 𝑙0 = −1, 𝑙2 = 2 −𝑁2, 𝑙4 = −(1 −𝑁2), where 0 < 𝑁 < 1, the function 𝑄(𝜇) = 𝑛𝑑(𝜇,𝑁) is obtained, resulting in: 

𝑢
6,1

(𝑥, 𝑡) = 𝛼1

⎛

⎜

⎜

⎜

⎝

𝑛𝑑(𝜇,𝑁)
√

𝑓 (𝑛𝑑(𝜇,𝑁))2 + 𝑔

⎞

⎟

⎟

⎟

⎠

, (30)

where the values of 𝑓 and 𝑔 are ascertained by

𝑓 =
ℎ4

(

ℎ2 +𝑁2 − 2
)

−ℎ22 +𝑁4 −𝑁2 + 1
,

𝑔 =
3ℎ4

−ℎ22 +𝑁4 −𝑁2 + 1
,

subject to the specified condition
ℎ24

(

−ℎ2 −𝑁2 + 2
) (

−
(

−ℎ2 −𝑁2 + 2
) (

ℎ2 + 2
(

2 −𝑁2)) − 9
(

𝑁2 − 1
))

= 0.

As 𝑁 approaches 1, the singular solution is obtained. 

𝑢
6,2

(𝑥, 𝑡) =

√

2
√

ℎ4(𝑐 −𝑤)(𝑐 +𝑤) cosh(𝑡𝑤 − 𝑥)

√

𝑏

√

ℎ4
(

−ℎ2 cosh2(𝑡𝑤−𝑥)+cosh2(𝑡𝑤−𝑥)−3
)

ℎ22−1

, (31)

such that
ℎ24

(

1 − ℎ2
) (

−
(

1 − ℎ2
) (

ℎ2 + 2
))

.

7. If 𝑙0 = 1, 𝑙2 = 2 −𝑁2, 𝑙4 = 1 −𝑁2, 0 < 𝑁 < 1, then 𝑄(𝜇) = 𝑠𝑐(𝜇,𝑁), resulting in 

𝑢
7,1

(𝑥, 𝑡) = 𝛼1

⎛

⎜

⎜

⎜

⎝

𝑠𝑐(𝜇,𝑁)
√

𝑓 (𝑠𝑐(𝜇,𝑁))2 + 𝑔

⎞

⎟

⎟

⎟

⎠

, (32)

where the values of 𝑓 and 𝑔 are ascertained by

𝑓 =
ℎ4

(

ℎ2 +𝑁2 − 2
)

−ℎ22 +𝑁4 −𝑁2 + 1
,

𝑔 = −
3ℎ4

−ℎ22 +𝑁4 −𝑁2 + 1
,

subject to the specified condition
ℎ24

(

−ℎ2 −𝑁2 + 2
) (

9
(

1 −𝑁2) −
(

−ℎ2 −𝑁2 + 2
) (

ℎ2 + 2
(

2 −𝑁2))) = 0.

If 𝑁 → 1, then the soliton solution is obtained 

𝑢
7,2

(𝑥, 𝑡) = −

√

2
√

ℎ4(𝑐 −𝑤)(𝑐 +𝑤) sinh(𝑡𝑤 − 𝑥)

√

𝑏

√

ℎ4
(

−ℎ2 sinh2(𝑡𝑤−𝑥)+sinh2(𝑡𝑤−𝑥)+3
)

2

, (33)
ℎ2−1
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such that
ℎ24

(

1 − ℎ2
) (

−
(

1 − ℎ2
) (

ℎ2 + 2
))

.

As 𝑁 tends toward 0, the solution becomes a periodic wave 

𝑢
7,3

(𝑥, 𝑡) = −

√

2
√

ℎ4(𝑐 −𝑤)(𝑐 +𝑤) tan(𝑡𝑤 − 𝑥)
√

𝑏
√

ℎ4
(

3−
(

ℎ2−2
)

tan2(𝑡𝑤−𝑥)
)

ℎ22−1

, (34)

such that
ℎ24

(

2 − ℎ2
) (

9 −
(

2 − ℎ2
) (

ℎ2 + 4
))

.

8. If 𝑙0 = 1, 𝑙2 = 2𝑁2 − 1, 𝑙4 = −𝑁2 (1 −𝑁2), 0 < 𝑁 < 1, then 𝑄(𝜇) = 𝑠𝑑(𝜇,𝑁) resulting in 

𝑢
8,1

(𝑥, 𝑡) = 𝛼1

⎛

⎜

⎜

⎜

⎝

𝑠𝑑(𝜇,𝑁)
√

𝑓 (𝑠𝑑(𝜇,𝑁))2 + 𝑔

⎞

⎟

⎟

⎟

⎠

, (35)

where the values of 𝑓 and 𝑔 are ascertained by

𝑓 =
ℎ4

(

ℎ2 − 2𝑁2 + 1
)

−ℎ22 +𝑁4 −𝑁2 + 1
,

𝑔 = −
3ℎ4

−ℎ22 +𝑁4 −𝑁2 + 1
,

under the constraint condition
ℎ24

(

−ℎ2 + 2𝑁2 − 1
) (

−
(

−ℎ2 + 2𝑁2 − 1
) (

ℎ2 + 2
(

2𝑁2 − 1
))

− 9
(

1 −𝑁2)𝑁2) = 0.

If 𝑁 → 1, then the soliton solution is obtained 

𝑢
8,2

(𝑥, 𝑡) = −

√

2
√

ℎ4(𝑐 −𝑤)(𝑐 +𝑤) sinh(𝑡𝑤 − 𝑥)

√

𝑏

√

ℎ4

(

3
ℎ22−1

− sinh2(𝑡𝑤−𝑥)
ℎ2+1

)

, (36)

such that
ℎ24

(

1 − ℎ2
) (

−
(

1 − ℎ2
) (

ℎ2 + 2
))

.

9. If 𝑙0 = 1 −𝑁2, 𝑙2 = 2 −𝑁2, 𝑙4 = 1, 0 < 𝑁 < 1, then 𝑄(𝜇) = 𝑐𝑠(𝜇,𝑁) and resulting in 

𝑢
9,1

(𝑥, 𝑡) = 𝛼1

⎛

⎜

⎜

⎜

⎝

𝑐𝑠(𝜇,𝑁)
√

𝑓 (𝑐𝑠(𝜇,𝑁))2 + 𝑔

⎞

⎟

⎟

⎟

⎠

, (37)

where the values of 𝑓 and 𝑔 are ascertained by

𝑓 =
ℎ4

(

ℎ2 +𝑁2 − 2
)

−ℎ22 +𝑁4 −𝑁2 + 1
,

𝑔 =
3ℎ4

(

𝑁2 − 1
)

−ℎ22 +𝑁4 −𝑁2 + 1
,

under the constraint condition
ℎ24

(

−ℎ2 −𝑁2 + 2
) (

9
(

1 −𝑁2) −
(

−ℎ2 −𝑁2 + 2
) (

ℎ2 + 2
(

2 −𝑁2))) = 0.

If 𝑁 → 1, then the rational solution is obtained, such that
ℎ24

(

1 − ℎ2
) (

−
(

1 − ℎ2
) (

ℎ2 + 2
))

= 0.

As 𝑁 approaches 0, the solution becomes a periodic wave. 

𝑢
9,3

(𝑥, 𝑡) = −

√

2
√

ℎ4(𝑐 −𝑤)(𝑐 +𝑤) cot(𝑡𝑤 − 𝑥)
√

𝑏
√

ℎ4
(

−
(

ℎ2−2
)

csc2(𝑡𝑤−𝑥)+ℎ2+1
)

ℎ22−1

, (38)

such that
ℎ2

(

2 − ℎ
) (

9 −
(

2 − ℎ
) (

ℎ + 4
))

= 0.
4 2 2 2
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The solutions are obtained under some restrictive conditions. for instance in Eq.  (38) the condition ℎ22 ≠ 1 or 𝑏 ≠ 1 must be satisfied, 
also functions such as tangent and cotangent have the property of discontinuity at some points, this property can be used to examine 
the shock wave structure, which is known as ‘‘blow-up’’ in soliton dynamics [56,57].

10. If 𝑙0 = −𝑁2 (1 −𝑁2), 𝑙2 = 2𝑁2 − 1, 𝑙4 = 1, 0 < 𝑁 < 1, then 𝑄(𝜇) = 𝑑𝑠(𝜇,𝑁) and resulting in 

𝑢
10
(𝑥, 𝑡) = 𝛼1

⎛

⎜

⎜

⎜

⎝

𝑑𝑠(𝜇,𝑁)
√

𝑓 (𝑑𝑠(𝜇,𝑁))2 + 𝑔

⎞

⎟

⎟

⎟

⎠

, (39)

where the values of 𝑓 and 𝑔 are ascertained by

𝑓 =
ℎ4

(

ℎ2 − 2𝑁2 + 1
)

−ℎ22 +𝑁4 −𝑁2 + 1
,

𝑔 = −
3ℎ4𝑁2 (𝑁2 − 1

)

−ℎ22 +𝑁4 −𝑁2 + 1
,

under the constraint condition
ℎ24

(

−ℎ2 + 2𝑁2 − 1
) (

−
(

−ℎ2 + 2𝑁2 − 1
) (

ℎ2 + 2
(

2𝑁2 − 1
))

− 9
(

1 −𝑁2)𝑁2) = 0.

11. If 𝑙0 = 1−𝑁2

4 , 𝑙2 = 1+𝑁2

2 , 𝑙4 = 1−𝑁2

4 , 0 < 𝑁 < 1, then 𝑄(𝜇) = 𝑛𝑐(𝜇,𝑁) ± 𝑠𝑐(𝜇,𝑁) or 𝑄(𝜇) = 𝑐𝑛(𝜇,𝑁)
1±𝑠𝑛(𝜇,𝑁)  and resulting in 

𝑢
11,0

(𝑥, 𝑡) = 𝛼1

⎛

⎜

⎜

⎜

⎝

𝑛𝑐(𝜁,𝑁) ± 𝑠𝑐(𝜁,𝑁)
√

𝑓 (𝑛𝑐(𝜁,𝑁) ± 𝑠𝑐(𝜁,𝑁))2 + 𝑔

⎞

⎟

⎟

⎟

⎠

, (40)

or 

𝑢
11,1

(𝑥, 𝑡) = 𝛼1

⎛

⎜

⎜

⎜

⎜

⎝

𝑐𝑛(𝜇,𝑁)
1±𝑠𝑛(𝜇,𝑁)

√

𝑓
(

𝑐𝑛(𝜇,𝑁)
1±𝑠𝑛(𝜇,𝑁)

)2
+ 𝑔

⎞

⎟

⎟

⎟

⎟

⎠

, (41)

where the values of 𝑓 and 𝑔 are ascertained by

𝑓 = −
8ℎ4

(

−2ℎ2 +𝑁2 + 1
)

−16ℎ22 +𝑁4 + 14𝑁2 + 1
,

𝑔 =
12ℎ4

(

𝑁2 − 1
)

−16ℎ22 +𝑁4 + 14𝑁2 + 1
,

under the constraint condition
ℎ24

( 1
2
(

𝑁2 + 1
)

− ℎ2
)( 9

16
(

1 −𝑁2)2 −
( 1
2
(

𝑁2 + 1
)

− ℎ2
)

(

ℎ2 +𝑁2 + 1
)

)

= 0.

If 𝑁 → 1, then the rational solution is obtained, such that
ℎ24

(

1 − ℎ2
) (

−
(

1 − ℎ2
) (

ℎ2 + 2
))

= 0.

As 𝑁 tends toward 0, the solution becomes combined periodic waves 

𝑢
11,2

(𝑥, 𝑡) =

√

ℎ4(𝑐 −𝑤)(𝑐 +𝑤)(sec(𝑡𝑤 − 𝑥) − tan(𝑡𝑤 − 𝑥))
√

2
√

𝑏
√

ℎ4
(

4ℎ2(sin(𝑡𝑤−𝑥)−1)+sin(𝑡𝑤−𝑥)+5
)

(

16ℎ22−1
)

(sin(𝑡𝑤−𝑥)+1)

, (42)

or 

𝑢
11,3

(𝑥, 𝑡) = −

√

ℎ4(𝑐 −𝑤)(𝑐 +𝑤) cos(𝑡𝑤 − 𝑥)

√

2
√

𝑏(sin(𝑡𝑤 − 𝑥) − 1)

√

√

√

√

ℎ4

(

2
(

1−2ℎ2
)

cos2(𝑡𝑤−𝑥)
(sin(𝑡𝑤−𝑥)−1)2

+3
)

16ℎ22−1

, (43)

are obtained, such that
ℎ24

( 1
2
− ℎ2

)( 9
16

−
( 1
2
− ℎ2

)

(

ℎ2 + 1
)

)

= 0.

12. If 𝑙0 =
−
(

1−𝑁2)2

4 , 𝑙2 = 1+𝑁2

2 , 𝑙4 = −1
4 , 0 < 𝑁 < 1, then 𝑄(𝜇) = 𝑁𝑐𝑛(𝜇,𝑁) ± 𝑑𝑛(𝜇,𝑚) and resulting in 

𝑢
12,1

(𝑥, 𝑡) = 𝛼1

⎛

⎜

⎜

⎜

𝑁𝑐𝑛(𝜇,𝑁) ± 𝑑𝑛(𝜇,𝑁)
√

𝑓 (𝑁𝑐𝑛(𝜇,𝑁) ± 𝑑𝑛(𝜇,𝑁))2 + 𝑔

⎞

⎟

⎟

⎟

, (44)
⎝ ⎠
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where the values of 𝑓 and 𝑔 are ascertained by

𝑓 = −
8ℎ4

(

−2ℎ2 +𝑁2 + 1
)

−16ℎ22 +𝑁4 + 14𝑁2 + 1
,

𝑔 =
12ℎ4

(

𝑁2 − 1
)2

−16ℎ22 +𝑁4 + 14𝑁2 + 1
,

under the constraint condition
ℎ24

( 1
2
(

𝑁2 + 1
)

− ℎ2
)( 9

16
(

1 −𝑁2)2 −
( 1
2
(

𝑁2 + 1
)

− ℎ2
)

(

ℎ2 +𝑁2 + 1
)

)

= 0.

If 𝑁 → 1, then the rational solution is obtained, such that
ℎ24

(

1 − ℎ2
) (

−
(

1 − ℎ2
) (

ℎ2 + 2
))

= 0.

As 𝑁 tends toward 0, the solution becomes periodic waves 

𝑢
12,1

(𝑥, 𝑡) =

√

ℎ4(𝑐 −𝑤)(𝑐 +𝑤) cos(𝑡𝑤 − 𝑥)
√

2
√

𝑏
√

ℎ4
(

−4ℎ2 cos2(𝑡𝑤−𝑥)+cos(2𝑡𝑤−2𝑥)−2
)

16ℎ22−1

, (45)

where 𝜇 = 𝑥 −𝑤𝑡, such that

ℎ24
( 1
2
− ℎ2

)( 9
16

−
( 1
2
− ℎ2

)

(

ℎ2 + 1
)

)

= 0.

13. If 𝑙0 = 1
4 , 𝑙2 =

1−2𝑁2

2 , 𝑙4 = 1
4 , 0 < 𝑁 < 1, then 𝑄(𝜇) = 𝑠𝑛(𝜇,𝑁)

1±𝑐𝑛(𝜇,𝑁)  and resulting in 

𝑢
13,1

(𝑥, 𝑡) = 𝛼1

⎛

⎜

⎜

⎜

⎜

⎝

𝑠𝑛(𝜇,𝑁)
1±𝑐𝑛(𝜇,𝑁)

√

𝑓
(

𝑠𝑛(𝜇,𝑁)
1±𝑐𝑛(𝜇,𝑁)

)2
+ 𝑔

⎞

⎟

⎟

⎟

⎟

⎠

, (46)

where the values of 𝑓 and 𝑔 are ascertained by

𝑓 =
8ℎ4

(

2ℎ2 + 2𝑁2 − 1
)

−16ℎ22 + 16𝑁4 − 16𝑁2 + 1
,

𝑔 = −
12ℎ4

−16ℎ22 + 16𝑁4 − 16𝑁2 + 1
,

under the constraint condition
ℎ24

( 1
2
(

1 − 2𝑁2) − ℎ2
)( 9

16
−
(1
2
(

1 − 2𝑁2) − ℎ2
)

(

ℎ2 − 2𝑁2 + 1
)

)

= 0.

If 𝑁 → 1, then the following solution is derived 

𝑢
13,2

(𝑥, 𝑡) = −

√

ℎ4(𝑐 −𝑤)(𝑐 +𝑤) tanh
(

1
2 (𝑡𝑤 − 𝑥)

)

√

2
√

𝑏

√

ℎ4
( 8ℎ2+4
cosh(𝑡𝑤−𝑥)+1−4ℎ2+1

)

16ℎ22−1

, (47)

such that
ℎ24

(

−ℎ2 −
1
2

)( 9
16

−
(

−ℎ2 −
1
2

)

(

ℎ2 − 1
)

)

= 0.

As 𝑁 tends toward 0, the solution becomes combined periodic waves 

𝑢
13,3

(𝑥, 𝑡) = −

√

ℎ4(𝑐 −𝑤)(𝑐 +𝑤) tan
(

1
2 (𝑡𝑤 − 𝑥)

)

√

2
√

𝑏

√

ℎ4
( 4−8ℎ2
cos(𝑡𝑤−𝑥)+1+4ℎ2+1

)

16ℎ22−1

, (48)

such that
ℎ24

( 1
2
− ℎ2

)( 9
16

−
( 1
2
− ℎ2

)

(

ℎ2 + 1
)

)

= 0.

14. If 𝑙0 = 1
4 , 𝑙2 =

1+𝑁2

2 , 𝑙4 =
(

1−𝑁2)2

4 , 0 < 𝑁 < 1, then 𝑄(𝜇) = 𝑠𝑛(𝜇,𝑁)
𝑐𝑛(𝜇,𝑁)±𝑑𝑛(𝜇,𝑁)  and resulting in 

𝑢
14,1

(𝑥, 𝑡) = 𝛼1

⎛

⎜

⎜

⎜

⎜

𝑠𝑛(𝜇,𝑁)
𝑐𝑛(𝜇,𝑁)±𝑑𝑛(𝜇,𝑁)

√

𝑓
(

𝑠𝑛(𝜇,𝑁)
)2

+ 𝑔

⎞

⎟

⎟

⎟

⎟

, (49)
⎝
𝑐𝑛(𝜇,𝑁)±𝑑𝑛(𝜇,𝑁)

⎠
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where the values of 𝑓 and 𝑔 are ascertained by

𝑓 = −
8ℎ4

(

−2ℎ2 +𝑁2 + 1
)

−16ℎ22 +𝑁4 + 14𝑁2 + 1
,

𝑔 = −
12ℎ4

−16ℎ22 +𝑁4 + 14𝑁2 + 1
,

under the constraint condition
ℎ24

( 1
2
(

𝑁2 + 1
)

− ℎ2
)( 9

16
(

1 −𝑁2)2 −
( 1
2
(

𝑁2 + 1
)

− ℎ2
)

(

ℎ2 +𝑁2 + 1
)

)

= 0.

If 𝑁 → 1, then the soliton solution is obtained 

𝑢
14,2

(𝑥, 𝑡) = −

√

2
√

ℎ4(𝑐 −𝑤)(𝑐 +𝑤) sinh(𝑡𝑤 − 𝑥)

√

𝑏

√

ℎ4
(

−ℎ2 sinh2(𝑡𝑤−𝑥)+sinh2(𝑡𝑤−𝑥)+3
)

ℎ22−1

, (50)

such that
ℎ24

(

1 − ℎ2
) (

−
(

1 − ℎ2
) (

ℎ2 + 2
))

= 0.

As 𝑁 tends toward 0, the solution becomes periodic wave 

𝑢
14,3

(𝑥, 𝑡) = −

√

ℎ4(𝑐 −𝑤)(𝑐 +𝑤) tan
(

1
2 (𝑡𝑤 − 𝑥)

)

√

2
√

𝑏

√

ℎ4
( 4−8ℎ2
cos(𝑡𝑤−𝑥)+1+4ℎ2+1

)

16ℎ22−1

, (51)

such that
ℎ24

( 1
2
− ℎ2

)( 9
16

−
( 1
2
− ℎ2

)

(

ℎ2 + 1
)

)

= 0.

4. Results and discussions

In this study, we aim to generate traveling wave solutions for the (1 + 1) dimensional Klein–Gordon equation using the 𝜑6- 
model expansion method and evaluate the effectiveness of this method for understanding the dynamics of solitons. Our findings 
unequivocally demonstrate the strengths and application potential of the 𝜑6-model expansion method in solving the complex 
nonlinear dynamics of the Klein–Gordon equation. The 𝜑6- model expansion method offers both a simple and accurate approach to 
solving nonlinear equations and is highly successful in obtaining soliton solutions. The fact that this method accurately produces 
solutions of the Klein–Gordon equation indicates that it can also provide reliable solutions for more complex equations. Also, the 
method offers a significant advantage over other methods by providing the advantage of high accuracy and computational speed. 
One of the most remarkable findings of the study is the obtaining of solutions of kink-type solitons, known as topological solitons, 
especially in the context of water waves. The fact that the velocities of the generated solitons are independent of the wave amplitude 
indicates that the findings contribute to a better understanding of nonlinear dynamics. In addition, the solutions obtained include 
dark, singular, periodic and composite singular soliton solutions. This diversity provides the opportunity to study the dynamical 
properties of the Klein–Gordon equation in a wide spectrum and to investigate its applications in physical processes in depth.

Whether the solutions tested in this study accurately represent physical mechanisms will be one of the key discussion points of 
the research. In particular, the extent to which the results obtained through nonlinear differential equations are compatible with the 
real-world behavior of the modeled systems should be carefully examined. The theoretical accuracy of such mathematical models 
will be assessed as well as whether they accurately capture the dynamics of physical processes. In this context, it is not enough for the 
solutions to be mathematically consistent; they must also be consistent with physical phenomena. This aspect of the study is critical 
in determining the validity and applicability of the model and will have a direct impact on the reliability of the results. Studying 
the behavior of the systems with appropriate parameter values in the generated traveling wave solutions will provide important 
insights into the dynamics of the systems. Analyzing the effects of parameter changes on the system helps us to understand under 
which conditions certain behaviors occur and allows us to establish the initial conditions of the system. In addition to revealing the 
fundamental properties of complex systems, such analyses increase the controllability and predictability of systems. Especially in 
nonlinear systems, such an investigation plays an important role in understanding the overall dynamical structure of the system, 
given that even small parameter changes can have significant and sometimes unexpected consequences. A detailed analysis across 
the parameter space will shed light on the physical mechanisms. 

In this study, Eq. (20), which reflects the periodic soliton property, will be analyzed from the traveling wave solutions obtained 
for the discussion. Periodic wave structures that repeat in a specific pattern can be a powerful tool for understanding and modeling 
the complex structure of Rayleigh waves. It was the British physicist Lord Rayleigh who introduced Rayleigh waves to the literature 
and mathematically modeled them in the 4th quarter of the 19th century [58]. Rayleigh waves are also known as surface waves 
because they propagate on the ground surface and exhibit semi-circular motions. They are generated as a result of seismic events 
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Fig. 1.  The visual depiction of the solution provided in Eq. (18), particularly as 𝑁 approaches 1, (a) is the 3D graphic, (b) is the contour graphic while (c) is 
the 2D graphic for 𝑏 = 0.5, 𝑐 = 0.1, ℎ2 = 0.3, ℎ4 = 0.1, 𝑤 = 1.15.

Fig. 2.  The visual depiction of the solution provided in Eq. (19), particularly as 𝑁 approaches 0, ; (a) is the 3D graphic, (b) is the contour graphic while (c) 
is the 2D graphic for 𝑏 = 0.1, 𝑐 = 0.01, ℎ2 = 0.01, ℎ4 = 0.1, 𝑤 = 3.5.

Fig. 3. The visual depiction of the solution provided in Eq. (21), particularly as 𝑁 approaches 1; (a) is the 3D graphic, (b) is the contour graphic while (c) is 
the 2D graphic for 𝑏 = 0.5, 𝑐 = 0.1, ℎ2 = 0.3, ℎ4 = 0.1, 𝑤 = 3.5.

Fig. 4. The visual depiction of the solution provided in Eq. (27), particularly as 𝑁 approaches 1; (a) is the 3D graphic, (b) is the contour graphic while (c) is 
the 2D graphic for 𝑏 = 0.5, 𝑐 = 0.12, ℎ2 = 1.3, ℎ4 = 0.2, 𝑤 = 0.5.
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Fig. 5. The visual depiction of the solution provided in Eq. (29), particularly as 𝑁 approaches 1; (a) is the 3D graphic, (b) is the contour graphic while (c) is 
the 2D graphic for 𝑏 = 0.5, 𝑐 = 0.12, ℎ2 = 1.3, ℎ4 = 0.2, 𝑤 = 0.98.

Fig. 6. The visual depiction of the solution provided in Eq. (33), particularly as 𝑁 approaches 1; (a) is the 3D graphic, (b) is the contour graphic while (c) is 
the 2D graphic for 𝑏 = 0.5, 𝑐 = 0.12, ℎ2 = 0.9, ℎ4 = 0.2, 𝑤 = 0.85.

Fig. 7. The visual depiction of the solution provided in Eq. (34), particularly as 𝑁 approaches 1; (a) is the 3D graphic, (b) is the contour graphic while (c) is 
the 2D graphic for 𝑏 = 0.5, 𝑐 = 0.12, ℎ2 = 0.9, ℎ4 = 0.2, 𝑤 = 0.85.

Fig. 8. The visual depiction of the solution provided in Eq. (43), particularly as 𝑁 approaches 0; (a) is the 3D graphic, (b) is the contour graphic while (c) is 
the 2D graphic for 𝑏 = 0.3, 𝑐 = 0.6, ℎ2 = 0.9, ℎ4 = 0.2, 𝑤 = 0.3.
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Fig. 9. The visual depiction of the solution provided in Eq. (51), particularly as 𝑁 approaches 0; (a) is the 3D graphic, (b) is the contour graphic while (c) is 
the 2D graphic for 𝑏 = 0.2, 𝑐 = 1.6, ℎ2 = 0.6, ℎ4 = 0.1, 𝑤 = 0.3.

and propagate across the earth’s surface, carrying the effects of large-scale earthquakes. Rayleigh waves are waves that roll along 
the surface of the earth like waves propagating in a puddle of water such as a lake or sea [59]. Periodic solitons, which represent 
a regular wave motion, can be associated with Rayleigh waves, which propagate along the surface and have a certain periodicity 
and repetitive structure. Therefore, periodic solitons can provide a suitable framework for the mathematical modeling of Rayleigh 
waves. Another name for periodic solitons is wave solutions, which have a certain momentum and energy. A direct connection 
between these two wave types may be established since Rayleigh waves likewise build a structure that transports energy over the 
surface.

In Eq. (20), 𝑡 represents time and 𝑥 represents space components. They are also the basic components of the wave propagation 
with respect to time and space. It is the physical parameter 𝑤 that represents the wave frequency or angular frequency. This 
parameter is a frequency component that determines the periodic nature of the wave. The parameter 𝑐, which defines the propagation 
velocity and the structure in space that affects the propagation pattern and behavior of the wave, is included in Eq. (10), which 
models the physical mechanism. This constant is a physical parameter that depends on the elasticity and density of the medium. 
The term that affects the amplitude of the wave is 

√

(𝑐 −𝑤)(𝑐 +𝑤), which implies a non-linear relationship with the wave frequency 
and the properties of the medium in which the wave propagates. In the possible case of 𝑐2 −𝑤2 ≤ 0, it could cause the wave to lose 
its observability or be interpreted as a different type of wave. Therefore, the constraint condition can be set to 𝑐 −𝑤 > 0. The term 
𝑏, which describes the nonlinear properties and behaviors of Eq.  (10) modeling the system, represents the nonlinear relationships 
and interactions in the system. The 𝐶𝑜𝑠(𝑡𝑤 − 𝑥) function takes over the periodic nature of the wave function and the role of the 
skeleton of the wave pattern. Since Rayleigh waves exhibit a periodic structure in a range or cross section along the surface, an 
important connection can be made with the periodic soliton presented by Eq. (20) in terms of the repetitive nature of the waveform, 
energy dissipation and analysis of amplitude variations. Moreover, Rayleigh waves are damped along the propagating medium and 
move perpendicular to the propagation direction. Therefore, periodic components, such as the cosine function, are suitable for 
modeling harmonic motions at the surface. Using the wave function presented by Eq. (20), numerical values of the parameters in 
the traveling wave solution can be assigned to model Rayleigh waves over a range and to visualize their periodic nature and their 
variation with position time. These assigned values will determine the initial conditions in the stability region of the system. The 
effects of different degrees of nonlinearity on the wave behavior can be presented as follows, provided that all parameters except 
𝑏 > 0, which represents the degree of nonlinearity, remain constant.

Since Rayleigh waves exhibit a periodic structure in a range or cross section along the surface, an important connection can 
be made with the periodic soliton presented by Eq. (20) in terms of the repetitive nature of the waveform, energy dissipation 
and analysis of amplitude variations. While constructing Fig.  10, the numerical values of the parameters in Eq. (20) have been 
determined by taking into account the propagation speed and frequency characteristics of the Rayleigh wave [60]. The most 
significant conclusion drawn from this debate is that slow surface waves, like Rayleigh waves, may have a physical significance 
associated with the numerical result 

√

(𝑐 −𝑤)(𝑐 +𝑤) =
√

0.75 in the wave function. As a result, the characteristics of slow surface 
waves are compatible with the phase velocity being greater than the angular frequency. It also makes it possible to model a Rayleigh 
wave, which is influenced by the material’s elastic properties and transports energy on the surface. As seen in Fig.  10, as the 
numerical value of the b parameter representing the degree of nonlinearity in Eq. (20) modeling the wave increases, the decrease in 
wave amplitude can reflect various effects and results in a physical system. This indicates that the dynamics of the system are more 
complex, while at the same time nonlinear effects can affect the wave motion in a weakening way. An increase in the numerical 
value of parameter 𝑏 may lead to a stronger likelihood of nonlinearity, a drop in the wave amplitude, which is the response of 
the wave solution, and a greater dissipation of the wave’s energy. It may also be explained by the wave’s energy being somewhat 
attenuated. This plays an important role in fundamental processes in Rayleigh wave propagation, such as energy transfer and wave 
shape preservation.

To understand that Eq. (20), presented for the first time in this work and nominated as a model of Rayleigh waves, reflects 
periodic properties, the following equation can be analyzed to study how it behaves with respect to time and space. For this analysis, 
the following expression can be obtained by considering the parameter and 𝑏 = 0.1 values used in the construction of Fig.  10, which 
describes the wave pattern and energy level. 

−1.87083 < lim
𝑥→∞

𝑢2,2(𝑥, 𝑡) < 1.87083. (52)

𝑡→∞
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Fig. 10. Surface wave behavior, taking into account the nonlinearities and behavior of the traveling wave solution presented by Eq. (20) for 𝑐 = 1.6, ℎ2 =
1.1, 𝑤 = 0.5.

One of the most obvious characteristics of Rayleigh waves being surface waves is that most of the energy is concentrated at or near 
the surface. This means that the energy of the wave is concentrated at the surface rather than at depth and affects the propagation, 
pattern and energy distribution of the wave along the surface. The periodic characteristic of Rayleigh waves allows them to form 
a pattern that repeats at regular intervals during energy transmission. This periodic pattern propagating along the surface means 
that energy is continuously concentrated and dissipated near the surface. Under certain conditions and in the stability region, the 
numerical values given to the parameters indicate that the energy of the wave, represented by Eq. (52), is optimized within a certain 
range. As a result, it provides theoretical support for the periodic, singular and lone wave behavior of surface waves and can play an 
important role in explaining the dynamical properties of such waves. Furthermore, the introduced models are capable of modeling 
regular oscillations that occur on elastic surfaces, such as Rayleigh waves, and allow the wave to propagate stably at a given speed 
and optimize the energy transfer. It serves as an important theoretical instrument for modeling the complex behavior of surface 
waves under nonlinear effects. Traveling waves are types of waves that can propagate while maintaining their amplitude and speed. 
This property provides theoretical support that Rayleigh waves can exhibit lone wave behavior under certain boundary conditions.

5. Conclusion

We present the 𝜑6-model expansion technique, which is a novel and versatile method for solving nonlinear partial differential 
equations, including the Klein–Gordon equation. Numerous solutions are produced by this approach, including kink-type solitons 
with unique velocity properties, dark, solitary, periodic, and coupled singular solitons. By studying surface waves, particularly 
Rayleigh waves, and their motion and structure, we show how periodic behavior is essential to the propagation of waves. The 
method provides new insights into the nonlinear dynamics of physical systems, backed by realistic and visually appealing depictions. 
Our findings, visually depicted in Figs.  1–9, provide a comprehensive understanding of these solutions at different time intervals, 
elucidating their pivotal role in energy transmission across spatial domains. The dynamic interplay of these traveling waves, dictated 
by varying parameter values, introduces captivating alterations in their behavior over time.

A noteworthy aspect of our study is the prediction that the traveling wave behavior undergoes distinct changes for different 
values of each parameter. This insight not only enhances our comprehension of the Klein–Gordon equation’s intricate dynamics 
but also sets the stage for further investigations into the physical properties governing nonlinear distribution dynamics. Beyond its 
immediate implications for this specific equation, the proposed 𝜑6-model expansion method emerges as a valuable and practical 
tool, offering a systematic approach to obtaining precise solutions for a diverse range of nonlinear partial differential equations. 
Thorough examination of surface wave characteristics, specifically concentrating on Rayleigh waves, highlights the significance of 
periodic behavior in shaping wave propagation characteristics.
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As we conclude this study, we envision our results as a catalyst for future research endeavors, inspiring deeper inquiries into the 
complex interactions of parameters and their influence on the evolving behavior of nonlinear wave phenomena. Through this work, 
we contribute to the broader landscape of mathematical methods, advancing our understanding of intricate nonlinear dynamics and 
paving the way for innovative applications across various scientific disciplines.

CRediT authorship contribution statement

Asif Yokus: Writing – review & editing, Visualization, Supervision, Software, Project administration, Methodology, Investigation, 
Formal analysis, Conceptualization. Muhammad Abubakar Isah: Writing – review & editing, Visualization, Software, Methodology, 
Investigation, Formal analysis, Conceptualization.

Ethical standards

The writers guarantee that this work complies with ethical guidelines.

Declaration of competing interest

The authors declare that they have no known competing financial interests or personal relationships that could have appeared 
to influence the work reported in this paper.

Acknowledgments

This study was carried out within the scope of the Scientific Research Project supported by Firat University with PhD thesis 
number DOK1157 and Project No. FF.24.29. We would like to express our sincere thanks to Firat University for their great 
contribution to the success of our project.

Data availability

This publication does not qualify for data sharing since no datasets were gathered or examined for this inquiry. The manuscript 
contains no data connected.

References

[1] M.A. Isah, M.A. Külahçı, Involute curves in 4-dimensional galilean space G4, in: Conference Proceedings of Science and Technology, Vol. 2, 2019, pp. 
134–141, No. 2.

[2] M.A. Isah, I. Isah, T.L. Hassan, M. Usman, Some characterization of osculating curves according to darboux frame in three dimensional euclidean space, 
Int. J. Adv. Acad. Res. 7 (12) (2021) 47–56.

[3] I. Isah, M.A. Isah, M.U. Baba, T.L. Hassan, K.D. Kabir, On integrability of silver Riemannian structure, Int. J. Adv. Acad. Res. 7 (12) (2021).
[4] Myint-U Tyn, Lokenath Debnath, Linear Partial Differential Equations for Scientists and Engineers, Springer Science & Business Media, 2007.
[5] M. Hong-Cai, D. Ai-Ping, Q. Zhen-Yun, New periodic solution to Jacobi elliptic functions of a (2+ 1)-dimensional BKP equation and a generalized 

Klein–Gordon equation, Chin. Phys. Lett. 26 (4) (2009) 040201.
[6] A. Yokus, M.A. Isah, Stability analysis and solutions of (2 + 1)-Kadomtsev–Petviashvili equation by homoclinic technique based on Hirota bilinear form, 

Nonlinear Dynam. (2022) http://dx.doi.org/10.1007/s11071-022-07568-3.
[7] A. Yokus, M.A. Isah, Dynamical behaviors of different wave structures to the Korteweg–de Vries equation with the Hirota bilinear technique, Phys. A 622 

(2023) 128819.
[8] K.L. Wang, New mathematical approaches to nonlinear coupled Davey–Stewartson Fokas system arising in optical fibers, Math. Methods Appl. Sci. 47 (16) 

(2024) 12668–12683.
[9] Durur Hulya, Asif Yokus, Kashif Ali Abro, A non-linear analysis and fractionalized dynamics of Langmuir waves and ion sound as an application to acoustic 

waves, Int. J. Modelling Simul. (2022) 1–7.
[10] Durur Hülya, Energy-carrying wave simulation of the lonngren-wave equation in semiconductor materials, Int. J. Mod. Phys. B 35 21 (2021) 2150213.
[11] M. Sadaf, G. Akram, S. Arshed, H. Sabir, Optical solitons and other solitary wave solutions of (1+ 1)-dimensional kudryashov’s equation with generalized 

anti-cubic nonlinearity, Opt. Quantum Electron. 55 (6) (2023) 529.
[12] Yokuş Asif, Simulation of bright–dark soliton solutions of the lonngren wave equation arising the model of transmission lines, Mod. Phys. Lett. B 35 32 

(2021) 2150484.
[13] Yokuş Asif, Construction of different types of traveling wave solutions of the relativistic wave equation associated with the Schrödinger equation, Math. 

Model. Numer. Simul. Appl. 1 1 (2021) 24–31.
[14] M.A. Isah, A. Yokus, Rogue waves and stability analysis of the new (2+ 1)-KdV equation based on symbolic computation method via Hirota bilinear form, 

in: 2023 International Conference on Fractional Differentiation and Its Applications, ICFDA, IEEE, 2023, pp. 1–6.
[15] K.L. Wang, New optical solitons for nonlinear fractional Schrã–Dinger equation via different analytical approaches, Fract. ( Fractals) 32 (05) (2024) 1–17.
[16] S. Duran, D. Kaya, Breaking analysis of solitary waves for the shallow water wave system in fluid dynamics, Eur. Phys. J. Plus 136 (9) (2021) 1–12.
[17] M.A. Isah, A. Yokus, D. Kaya, Exploring the influence of layer and neuron configurations on Boussinesq equation solutions via a bilinear neural network 

framework, Nonlinear Dynam. (2024) 1–17.
[18] M.A. Isah, A. Yokus, D. Kaya, Bilinear neural network method for obtaining the exact analytical solutions to nonlinear evolution equations and its 

application to KdV equation, Khayyam J. Math. 10 (2) (2024) 228–248, http://dx.doi.org/10.22034/kjm.2024.396918.2865.
[19] K.K. Ali, R. Yilmazer, H. Bulut, A. Yokus, New wave behaviours of the generalized Kadomtsev–Petviashvili modified equal width-Burgers equation, Appl. 

Math. Inf. Sci. 16 (2) (2022) 249–258.
[20] S. Duran, K. Bayhan, Nematicons in liquid crystals with Kerr law by sub-equation method, Alex. Eng. J. 61. 2 (2022) 1695–1700.
491 

http://refhub.elsevier.com/S0577-9073(25)00107-8/sb1
http://refhub.elsevier.com/S0577-9073(25)00107-8/sb1
http://refhub.elsevier.com/S0577-9073(25)00107-8/sb1
http://refhub.elsevier.com/S0577-9073(25)00107-8/sb2
http://refhub.elsevier.com/S0577-9073(25)00107-8/sb2
http://refhub.elsevier.com/S0577-9073(25)00107-8/sb2
http://refhub.elsevier.com/S0577-9073(25)00107-8/sb3
http://refhub.elsevier.com/S0577-9073(25)00107-8/sb4
http://refhub.elsevier.com/S0577-9073(25)00107-8/sb5
http://refhub.elsevier.com/S0577-9073(25)00107-8/sb5
http://refhub.elsevier.com/S0577-9073(25)00107-8/sb5
http://dx.doi.org/10.1007/s11071-022-07568-3
http://refhub.elsevier.com/S0577-9073(25)00107-8/sb7
http://refhub.elsevier.com/S0577-9073(25)00107-8/sb7
http://refhub.elsevier.com/S0577-9073(25)00107-8/sb7
http://refhub.elsevier.com/S0577-9073(25)00107-8/sb8
http://refhub.elsevier.com/S0577-9073(25)00107-8/sb8
http://refhub.elsevier.com/S0577-9073(25)00107-8/sb8
http://refhub.elsevier.com/S0577-9073(25)00107-8/sb9
http://refhub.elsevier.com/S0577-9073(25)00107-8/sb9
http://refhub.elsevier.com/S0577-9073(25)00107-8/sb9
http://refhub.elsevier.com/S0577-9073(25)00107-8/sb10
http://refhub.elsevier.com/S0577-9073(25)00107-8/sb11
http://refhub.elsevier.com/S0577-9073(25)00107-8/sb11
http://refhub.elsevier.com/S0577-9073(25)00107-8/sb11
http://refhub.elsevier.com/S0577-9073(25)00107-8/sb12
http://refhub.elsevier.com/S0577-9073(25)00107-8/sb12
http://refhub.elsevier.com/S0577-9073(25)00107-8/sb12
http://refhub.elsevier.com/S0577-9073(25)00107-8/sb13
http://refhub.elsevier.com/S0577-9073(25)00107-8/sb13
http://refhub.elsevier.com/S0577-9073(25)00107-8/sb13
http://refhub.elsevier.com/S0577-9073(25)00107-8/sb14
http://refhub.elsevier.com/S0577-9073(25)00107-8/sb14
http://refhub.elsevier.com/S0577-9073(25)00107-8/sb14
http://refhub.elsevier.com/S0577-9073(25)00107-8/sb15
http://refhub.elsevier.com/S0577-9073(25)00107-8/sb16
http://refhub.elsevier.com/S0577-9073(25)00107-8/sb17
http://refhub.elsevier.com/S0577-9073(25)00107-8/sb17
http://refhub.elsevier.com/S0577-9073(25)00107-8/sb17
http://dx.doi.org/10.22034/kjm.2024.396918.2865
http://refhub.elsevier.com/S0577-9073(25)00107-8/sb19
http://refhub.elsevier.com/S0577-9073(25)00107-8/sb19
http://refhub.elsevier.com/S0577-9073(25)00107-8/sb19
http://refhub.elsevier.com/S0577-9073(25)00107-8/sb20


A. Yokus and M.A. Isah Chinese Journal of Physics 95 (2025) 476–492 
[21] S. Duran, et al., Refraction simulation of internal solitary waves for the fractional Benjamin–Ono equation in fluid dynamics, Mod. Phys. Lett. B 35. 26 
(2021) 2150363.

[22] S. Tarla, R. Yilmazer, Investigation of time-dependent paraxial equation with an analytical method, Optik 261 (2022) 169111.
[23] D. Kaya, A. Yokuş, U. Demiroğlu, Comparison of exact and numerical solutions for the Sharma–Tasso–Olver equation, Numer. Solutions Realis. Nonlinear 

Phenom. (2020) 53–65.
[24] K.L. Wang, An efficient scheme for two different types of fractional evolution equations, Fractals 32 (05) (2024) 2450093.
[25] H. Tariq, G. Akram, M. Sadaf, M. Iftikhar, L. Guran, Computational study for fiber bragg gratings with dispersive reflectivity using fractional derivative, 

Fractal Fract. 7 (8) (2023) 625.
[26] M. Yavuz, T.A. Sulaiman, A. Yusuf, T. Abdeljawad, The Schrödinger-KdV equation of fractional order with Mittag-Leffler nonsingular kernel, Alex. Eng. J. 

60 (2) (2021) 2715–2724.
[27] M.A. Isah, A. Yokus, Application of the newly 𝜑6−model expansion approach to the nonlinear reaction–diffusion equation, Open J. Math. Sci. 6 (2022) 

http://dx.doi.org/10.30538/oms2022.0192, 269-228.
[28] K.K. Ali, S. Tarla, A. Yusuf, R. Yilmazer, Closed form wave profiles of the coupled-higgs equation via the 𝜑6−model expansion method, Internat. J. Modern 

Phys. B 37 (07) (2023) 2350070.
[29] M. Sadaf, G. Akram, H. Mariyam, Abundant solitary wave solutions of gardner’s equation using new 𝜑6−model expansion method, Alex. Eng. J. 61 (7) 

(2022) 5253–5267.
[30] Abazari, R, Solitary-wave solutions of the Klein–Gordon equation with quintic nonlinearity, J. Appl. Mech. Tech. Phys. 54 (2013) 397–403.
[31] P.J. Caudrey, I.C. Eilbeck, J.D. Gibbon, The Sine–Gordon as a model classical field theory, Nuovo Cimento 25 (1975) 497–511.
[32] R.K. Dodd, I.C. Eilbeck, J.D. Gibbon, H.C. Morris, Solitons and Nonlinear Wave Equations, Academic Press, London, 1982.
[33] B. Wang, Y. Jiang, A third-order low-regularity trigonometric integrator for the semilinear Klein–Gordon equation, 2024, arXiv preprint arXiv:2403.19540.
[34] N.G. Ay, Y.S. Özkan, E. Yaşar, On the comparative study for Klein–Fock–Gordon equation: Fractional exact solutions, bifurcation and sensitivity analysis, 

Chinese J. Phys. 89 (2024) 453–468.
[35] A. Barone, F. Esposito, A.C. Scott, Theory and applications of the sine-Gordon equation, La Riv. Del Nuovo Cimento ( 1971- 1977) 1 (2) (1971) 227–267.
[36] P.M. Bellan, Fundamentals of Plasma Physics, Cambridge University Press, 2008.
[37] Y. Matsuno, Exact solutions for the nonlinear Klein–Gordon and Liouville equations in four-dimensional euclidean space, J. Math. Phys. 28 (10) (1987) 

2317–2322.
[38] M.A. Hajji, K. Al-Khaled, Analytic studies and numerical simulations of the generalized Boussinesq equation, Appl. Math. Comput. 191 (2) (2007) 320–333.
[39] B.Q. Li, A.M. Wazwaz, Y.L. Ma, Two new types of nonlocal Boussinesq equations in water waves: bright and dark soliton solutions, Chinese J. Phys. 77 

(2022) 1782–1788.
[40] R. Aster, The Seismic Wave Equation, Socorro, New Mexico Tech, 2011.
[41] M.A. Isah, Nonlinear dispersion dynamics of optical solitons of Zoomeron equation with new 𝑣𝑎𝑟𝑝ℎ𝑖6-model expansion approach, J. Vib. Test. Syst. Dyn. 

8 (03) (2024) 285–307.
[42] A. Yokus, M.A. Isah, Investigation of internal dynamics of soliton with the help of traveling wave soliton solution of hamilton amplitude equation, Opt. 

Quantum Electron. 54 (8) (2022) 1–21.
[43] N. Sajid, G. Akram, Novel solutions of biswas-arshed equation by newly 𝜑6-model expansion method, Optik 211 (2020) 164564.
[44] E.M. Zayed, A.G. Al-Nowehy, Many new exact solutions to the higher-order nonlinear Schrödinger equation with derivative non-Kerr nonlinear terms using 

three different techniques, Optik 143 (2017) 84–103.
[45] E.M. Zayed, A.G. Al-Nowehy, M.E. Elshater, New 𝜑6-model expansion method and its applications to the resonant nonlinear Schrödinger equation with 

parabolic law nonlinearity, Eur. Phys. J. Plus 133. 10 (2018) 417.
[46] M.A. Isah, A. Yokuş, The investigation of several soliton solutions to the complex Ginzburg–Landau model with Kerr law nonlinearity, Math. Model. Numer. 

Simul. Appl. 2 (3) (2022) 147–163.
[47] J. Akter, M.A. Akbar, Exact solutions to the Benney–Luke equation and the phi-4 equations by using modified simple equation method, Results Phys. 5 

(2015) 125–130.
[48] Zhang, Z.Y, Exact traveling wave solutions of the perturbed Klein–Gordon equation with quadratic nonlinearity in (1 + 1)-dimension, part I: Without local 

inductance and dissipation effect, Turk. J. Phys. 37 (2) (2013) 259–267.
[49] Z. Zhang, New exact traveling wave solutions for the nonlinear Klein–Gordon equation, Turk. J. Phys. 32 (5) (2008) 235–240.
[50] Khan K., M.A. Akbar, Exact solutions of the (2+ 1)-dimensional cubic Klein–Gordon equation and the (3 + 1)-dimensional Zakharov–Kuznetsov equation 

using the modified simple equation method, J. Assoc. Arab. Univ. Basic Appl. Sci. 15 (2014) 74–81.
[51] M. Hong-Cai, D. Ai-Ping, Q. Zhen-Yun, New periodic solution to Jacobi elliptic functions of a (2+ 1)-dimensional BKP equation and a generalized 

klein–Gordon equation, Chin. Phys. Lett. 26 (4) (2009) 040201.
[52] Y. He, S. Li, Y. Long, Exact solutions of the klein–Gordon equation by modified exp-function method, Int. Math. Forum 7 (4) (2012) 175–182.
[53] Wazwaz A. M., Compactons solitons and periodic solutions for some forms of nonlinear Klein–Gordon equations, Chaos Solitons Fractals 28 (4) (2006) 

1005–1013.
[54] R. Sassaman, A. Biswas, Topological and non-topological solitons of the generalized Klein–Gordon equations, Appl. Math. Comput. 215 (1) (2009) 212–220.
[55] A.G. Bratsos, L.A. Petrakis, A modified predictor–corrector scheme for the Klein–Gordon equation, Int. J. Comput. Math. 87 (8) (2010) 1892–1904.
[56] H. Taskesen, N. Polat, Existence of weak solutions with different initial energy levels to an equation modeling shallow-water waves, Int. J. Open Probl. 

Comput. Sci. Math. 14 (4) (2021).
[57] A. Yokuş, H. Durur, K.A. Abro, Symbolic computation of caudrey–dodd–gibbon equation subject to periodic trigonometric and hyperbolic symmetries, Eur. 

Phys. J. Plus 136 (4) (2021) 1–16.
[58] L. Rayleigh, On waves propagated along the plane surface of an elastic solid, Proc. Lond. Math. Soc. 1 (1) (1885) 4–11.
[59] L. Rayleigh, J.W. Strutt, 3Rd baron Rayleigh, in: Wikipedia, the Free Encyclopedia, 1903, https://en.wikipedia.org/wiki/John-William-Strutt-3rd-Baron-

Rayleigh] (Access 14 August 2024).
[60] Z. Alterman, H. Jarosch, C.L. Pekeris, Propagation of Rayleigh waves in the earth, Geophys. J. Int. 4 (Supplement-1) (1961) 219–241.
492 

http://refhub.elsevier.com/S0577-9073(25)00107-8/sb21
http://refhub.elsevier.com/S0577-9073(25)00107-8/sb21
http://refhub.elsevier.com/S0577-9073(25)00107-8/sb21
http://refhub.elsevier.com/S0577-9073(25)00107-8/sb22
http://refhub.elsevier.com/S0577-9073(25)00107-8/sb23
http://refhub.elsevier.com/S0577-9073(25)00107-8/sb23
http://refhub.elsevier.com/S0577-9073(25)00107-8/sb23
http://refhub.elsevier.com/S0577-9073(25)00107-8/sb24
http://refhub.elsevier.com/S0577-9073(25)00107-8/sb25
http://refhub.elsevier.com/S0577-9073(25)00107-8/sb25
http://refhub.elsevier.com/S0577-9073(25)00107-8/sb25
http://refhub.elsevier.com/S0577-9073(25)00107-8/sb26
http://refhub.elsevier.com/S0577-9073(25)00107-8/sb26
http://refhub.elsevier.com/S0577-9073(25)00107-8/sb26
http://dx.doi.org/10.30538/oms2022.0192
http://refhub.elsevier.com/S0577-9073(25)00107-8/sb28
http://refhub.elsevier.com/S0577-9073(25)00107-8/sb28
http://refhub.elsevier.com/S0577-9073(25)00107-8/sb28
http://refhub.elsevier.com/S0577-9073(25)00107-8/sb29
http://refhub.elsevier.com/S0577-9073(25)00107-8/sb29
http://refhub.elsevier.com/S0577-9073(25)00107-8/sb29
http://refhub.elsevier.com/S0577-9073(25)00107-8/sb30
http://refhub.elsevier.com/S0577-9073(25)00107-8/sb31
http://refhub.elsevier.com/S0577-9073(25)00107-8/sb32
http://arxiv.org/abs/2403.19540
http://refhub.elsevier.com/S0577-9073(25)00107-8/sb34
http://refhub.elsevier.com/S0577-9073(25)00107-8/sb34
http://refhub.elsevier.com/S0577-9073(25)00107-8/sb34
http://refhub.elsevier.com/S0577-9073(25)00107-8/sb35
http://refhub.elsevier.com/S0577-9073(25)00107-8/sb36
http://refhub.elsevier.com/S0577-9073(25)00107-8/sb37
http://refhub.elsevier.com/S0577-9073(25)00107-8/sb37
http://refhub.elsevier.com/S0577-9073(25)00107-8/sb37
http://refhub.elsevier.com/S0577-9073(25)00107-8/sb38
http://refhub.elsevier.com/S0577-9073(25)00107-8/sb39
http://refhub.elsevier.com/S0577-9073(25)00107-8/sb39
http://refhub.elsevier.com/S0577-9073(25)00107-8/sb39
http://refhub.elsevier.com/S0577-9073(25)00107-8/sb40
http://refhub.elsevier.com/S0577-9073(25)00107-8/sb41
http://refhub.elsevier.com/S0577-9073(25)00107-8/sb41
http://refhub.elsevier.com/S0577-9073(25)00107-8/sb41
http://refhub.elsevier.com/S0577-9073(25)00107-8/sb42
http://refhub.elsevier.com/S0577-9073(25)00107-8/sb42
http://refhub.elsevier.com/S0577-9073(25)00107-8/sb42
http://refhub.elsevier.com/S0577-9073(25)00107-8/sb43
http://refhub.elsevier.com/S0577-9073(25)00107-8/sb44
http://refhub.elsevier.com/S0577-9073(25)00107-8/sb44
http://refhub.elsevier.com/S0577-9073(25)00107-8/sb44
http://refhub.elsevier.com/S0577-9073(25)00107-8/sb45
http://refhub.elsevier.com/S0577-9073(25)00107-8/sb45
http://refhub.elsevier.com/S0577-9073(25)00107-8/sb45
http://refhub.elsevier.com/S0577-9073(25)00107-8/sb46
http://refhub.elsevier.com/S0577-9073(25)00107-8/sb46
http://refhub.elsevier.com/S0577-9073(25)00107-8/sb46
http://refhub.elsevier.com/S0577-9073(25)00107-8/sb47
http://refhub.elsevier.com/S0577-9073(25)00107-8/sb47
http://refhub.elsevier.com/S0577-9073(25)00107-8/sb47
http://refhub.elsevier.com/S0577-9073(25)00107-8/sb48
http://refhub.elsevier.com/S0577-9073(25)00107-8/sb48
http://refhub.elsevier.com/S0577-9073(25)00107-8/sb48
http://refhub.elsevier.com/S0577-9073(25)00107-8/sb49
http://refhub.elsevier.com/S0577-9073(25)00107-8/sb50
http://refhub.elsevier.com/S0577-9073(25)00107-8/sb50
http://refhub.elsevier.com/S0577-9073(25)00107-8/sb50
http://refhub.elsevier.com/S0577-9073(25)00107-8/sb51
http://refhub.elsevier.com/S0577-9073(25)00107-8/sb51
http://refhub.elsevier.com/S0577-9073(25)00107-8/sb51
http://refhub.elsevier.com/S0577-9073(25)00107-8/sb52
http://refhub.elsevier.com/S0577-9073(25)00107-8/sb53
http://refhub.elsevier.com/S0577-9073(25)00107-8/sb53
http://refhub.elsevier.com/S0577-9073(25)00107-8/sb53
http://refhub.elsevier.com/S0577-9073(25)00107-8/sb54
http://refhub.elsevier.com/S0577-9073(25)00107-8/sb55
http://refhub.elsevier.com/S0577-9073(25)00107-8/sb56
http://refhub.elsevier.com/S0577-9073(25)00107-8/sb56
http://refhub.elsevier.com/S0577-9073(25)00107-8/sb56
http://refhub.elsevier.com/S0577-9073(25)00107-8/sb57
http://refhub.elsevier.com/S0577-9073(25)00107-8/sb57
http://refhub.elsevier.com/S0577-9073(25)00107-8/sb57
http://refhub.elsevier.com/S0577-9073(25)00107-8/sb58
https://en.wikipedia.org/wiki/John-William-Strutt-3rd-Baron-Rayleigh]
https://en.wikipedia.org/wiki/John-William-Strutt-3rd-Baron-Rayleigh]
https://en.wikipedia.org/wiki/John-William-Strutt-3rd-Baron-Rayleigh]
http://refhub.elsevier.com/S0577-9073(25)00107-8/sb60

	Unveiling novel insights: Nonlinear dispersion dynamics of optical solitons through new varphi6-Model expansion in the Klein–Gordon equation
	Introduction
	The varphi6-model expansion method
	Utilization of the varphi6 Method in the Analysis of the Klein– Gordon Equation
	Results and discussions
	Conclusion
	CRediT authorship contribution statement
	Ethical standards
	Declaration of competing interest
	Acknowledgments
	Data availability
	References


